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Membranes and thin film structures are widely used in modern technologies. Applications 
include solar sails and sunshields in space missions, biological membranes and flexible circuit 
boards. Wrinkling of membrane or a stiff film on a soft substrate may occur in either desired or 
unwanted patterns. This work tries to obtain some understanding on the wrinkling phenomenon 
and provide guidance in avoiding wrinkling or effectively controlling the wrinkle patterns. 
Many works have been published about wrinkling in the thin sheets since the 20
th
 century. 
However, there is no simple analytical way to systematically characterize the wrinkling in these 
studies. In this work, a simple energy method is proposed to calculate the critical strain for the 
wrinkle onset, the number of wrinkles, the wrinkle amplitude and the radius of the wrinkled 
region on a pre-tensioned circular membrane under torsional load at the inner hole of the 
membrane. The results are compared with those from the commercial finite element analysis 
software ABAQUS. 
 In the eigenvalue and eigenmode buckling analysis with finite element method, the number of 
wrinkles is relatively sensitive to the pre tensile stretching, the mesh size and the element types, 
especially for the thin membrane cases. The reason for the sensitivity is explained by the 
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analytical solution proposed. The final converged results from FEM on the critical buckling load 
and the number of wrinkles agree well with those from the analytical method. The post-buckling 
analysis indicates the existence of the energy barriers among different eigenmodes and the 
uncertainty of the final post-buckling shape.  
Compared with the membrane case, a stiff thin film on a compliant substrate exhibits similar 
features when it is twisted at the center of the top surface. Same as in the membrane case, the 
critical strain for wrinkling and the wrinkle patterns are sensitive to the ratio of inner radius and 
thickness, but are insensitive to the size of the outer radius as long as it is above several times of 
the inner radius. The effect of stiffness ratio of the film and the substrate is similar to that of pre-
tension in the membrane case. When the relative stiffness of the compliant substrate increases, 
the number of wrinkles also increases same as the effect of pretension in the membrane case.  
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𝜀𝜉_𝑢0 , 𝜀𝜂_𝑢0  Strain in the –ξ and –𝜂 direction due to tensile displacement 
𝜀𝜉_𝑚𝑜𝑑 , 𝜀𝜂_𝑚𝑜𝑑  Total strain in the –ξ and –𝜂 direction with modified shape function 
𝜀𝜉𝜂
′  Shear strain in the –ξ and –𝜂 direction due to tensile displacement 
𝜃0 Starting polar angle in the shape function 
𝜃𝑝 Angle of the principal plane direction 
𝜅𝜂 , 𝜅𝜉  Curvature in the –ξ and –𝜂 direction due 
𝜈𝑓 , 𝜈𝑠 Poisson’s ratio of the film 
𝜎𝑟 , 𝜎𝜃, Normal stress in the radial and circumferential direction 
𝜎𝜉 , 𝜎𝜂 Stress in the –ξ and –𝜂 direction due to rotational displacement 
𝜏𝑟𝜃 Shear stress 
∆𝑊 Imperfection mode  
A Amplitude in shape function 
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ℎ Non-dimensional energy function in terms of three degrees of 
freedom  
λ eigenvalue 
ξ, 𝜂 Coordinates in the 45
o 
direction 
𝐸, 𝜐 Young’s modulus and Poisson’s ratio of the membrane 
𝐺 Shear modulus 
𝐿 length of the rectangular membrane 
𝑈 Total strain energy in the wrinkled membrane 
𝑊 Width of the rectangular membrane 
𝑎 Inner radius of the membrane 
𝑏 Exterior radius of the membrane 
𝑛 Number of wrinkles 
𝑟, 𝜃 Cylindrical coordinates 
𝑡 thickness of the membrane 
𝑢 Radial displacement 
𝑤(𝑟, 𝜃) Original shape function 
𝛼 Period parameter in the modified shape function 




1.1 Wrinkling phenomenon 
When we search the word “wrinkle” on the internet, a large number of wrinkle remover 
advertisements will pop up. Wrinkle is a well-known result of the aging process. When we 
observe our surroundings, we will find that wrinkles not only appear on the human skin, it is also 
on the skin of dehydrated fruits or on our clothes. But in this work, of course I’m not going to 
promote any wrinkle remover products or dried dates. We will discuss another type of wrinkle—
the wrinkles on membrane and thin film structures.  
Since the membrane structures have negligible bending stiffness compared to their in-plane 
stiffness, buckling occurs immediately and wrinkles are formed when the excessive compressive 
stress is applied. Figure 1-1(a) shows the wrinkles formed on a knit fabric under significant 
stretch. Figure 1-1(b) shows wrinkles on a vulcanized surface layer induced by the forces 
generated by cells during locomotion.
[1]
 The wrinkle patterns vary from time to time as the cell 
moves on the substrate.
[2] 
The wrinkle patterns have been used to facilitate the measurement of 
the traction force exerted by fibroblasts during cells division.
[3]
 In Figure 1-1(c), a pressurized 
shell is deformed by the action of a point like force F at a pole.
[4]
 In Figure 1-1(d) wrinkles are 
generated by the capillary force exerted by a drop of water placed on a polymer film with a 
thickness of tens of nanometers. As the film is made thicker, the number of wrinkles decreases 
while the length of wrinkles increases.
[5]
 Figure 1-1(e) is an AFM image of a Fresnel lens 
composed of concentric non-periodic wrinkle patterns obtained with the high-quality and 
controllable wrinkle patterns fabrication technique.
[6]
 Figure 1-1(f) illustrates wrinkles induced 
by the rotation of a hub on a circular isotropic rubber membrane. Eight jigs with chucks are 
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attached to the outer boundary of the test specimen and the jigs are pulled in radial directions by 
counterweights to introduce initial tension. The hub, which is connected to the center axis by ball 
bearings, is attached to the center of the membrane.
[7]
 Wang and his colleagues set up the 
experiment shown in Figure 1-1(g) to measure the critical load for wrinkle onset on a square 
membrane with corner loading.
[8]
 In Figure 1-1(h), a pressurized square airbag is presented. The 
equilibrium configuration of an inflated membrane is composed of an unpredictable arrangement 
of taut and wrinkled zones, whose locations are unknown priori. 
[9]
 The left figure in Figure 1-1(i) 
is a real image of a dehydrated jujube. Complex buckling patterns can be observed on their 
exocarp. These rough and undulating patterns can be noticed compared with their fresh states. To 
model this type of complicated buckling is challenging. A multiplicative decomposition of the 
deformation gradient into an elastic part and a dehydrated part was adopted to model the 
































(g) (h) (i) 
(f) 
Figure 1-1 (a) Stretch induced wrinkles on knit fabric; (b) Deformation of substrates by 
keratocyte cells.[Harris, 1980]; (c) The wrinkling of a beach ball under indentation.[Vella, 
2011]; (d) The polystyrene film floating on the surface of water wrinkled by water drops of 
radius a≈0.5mm and mass m≈0.2mg.[Huang, 2007]; (e) AFM image of a Fresnel lens made up of 
concentric wrinkles[Guo,2012]; (f) Wrinkles on an isotropic rubber membrane under rotation in 
the center.[Miyamura, 2000]; (g) Tension wrinkling test. [Wang, 2009]; (h)An experimental 
example of an inflated wrinkled membrane: the square airbag. [Barsotti, 2015]; (i) The 




1.2 Applications of membrane structures 
Membrane structures have the characteristics of flexibility, light weight and low packaging 
volume. A space-inflatable structure is a specific application of the membrane structures. 
[11][12]
 
Current membrane materials come as either thin polymer sheets or films. One of the earliest 
space-based films is Mylar, a polyester film which could be further coated with a thin layer of 
metal, such as aluminum.
[13]
 Mylar is used to construct the Echo series of satellites, high-altitude 
balloons and other space applications. Kapton, a polyimide, is also a commonly used membrane 
material for recent space applications. The properties of some common polymer films are 
provided in Table 1-1.
[12] 
 
Table 1-1 Selected properties of representative polymer films 
Film Polymer Density Mod Strength CTE 
  (g/cm3) (Gpa） MPa (ppm/C) 
CP1&2 Polyimide 1.4 2.6 124 47-51 
Kapton Polyimide 1.42 3.0 172 20 
Mylar Polyester 1.38 3.8 172  
TOR Polyimide 1.4 3.4 138 42 






Wrinkles in the membranes of space structure can  significantly influence the structural and 
dynamic behaviors of space systems containing pre tensioned structures.
[14][15]
 Examples include 
solar sails in Figure 1-2(a), sunshields in Figure 1-2(c), solar arrays and synthetic aperture radar 
antennas
[16]
. In these applications, surface accuracy over a large area plays a key role, thus 
controlling surface wrinkling is crucial. 
[12]
 
The first design effort for a solar sail began in 1976 at Jet Propulsion Laboratory. 
[17]
 Instead of 
using the traditional electronic or chemical engine system, solar sails gain momentum from an 
ambient source, namely photons, the quantum packets of energy of which sunlight is composed. 
[18]
 Since there are unlimited sources of photons in space, the force is exerted almost constantly. 
The momentum carried by an individual photon is vanishingly small. The total force exerted on 
an 800 by 800 meters solar sail is about 5 newtons at Earth’s distance from the Sun.
[17]
 To ensure 
enough thrust force, solar sails must have a large extended surface.
[18]
 Without energy refueling 
issues, the solar sail could run for the long-duration missions. IKAROS 2010 was the first 
successful solar sail launched by Japan Aerospace Exploration Agency (JAXA), known as the 
first true solar sail spacecraft fully propelled by sunlight. 
[19]
 The mission goal was to deploy and 
control the sail and determine the minute orbit perturbations caused by light pressure. The 
IKAROS launched in 2010 was still under thrust in 2015.  
An ideal sail is flat and has 100% specular reflection. However, an actual sail has an overall 
efficiency of about 90%, about  8.17μN/𝑚2 , due to curvature, wrinkles, absorbance or re-
radiation from front and back. Because the bending stiffness is negligible in the sail, wrinkles are 
unavoidable and temporarily appear on the membrane as shown in Figure 1-2 (b). The wrinkle in 
a sail surface changes the local normal from that of the mean (flat plate) normal, which affects 





A sunshield is also an example of an application of thin membrane structures. The James Webb 
Space Telescope, which is one example of a Next Generation Space Telescope, is scheduled to 
launch in 2021. Compared to the Hubble space telescope, which has a 2.4 meters mirror, JWST’s 
mirror is composed of 18 mirror segments for a combined mirror size of 6.5 meters in diameter.  
In order to measure infrared radiation from the earliest stars and galaxies in the universe, the 
JWST must be kept very cold. Otherwise infrared radiation from the telescope would overwhelm 
its instruments. A large five layer pre-tensioned thin sunshield will keep JWST’s mirror and four 
science instruments below 50K (−220 °C; −370 °F). One can find the configuration of the 
sunshields in Figure 1-2 (c). In Figure 1-2(d), the placement of the sunshield with respect to the 
telescope is schematically illustrated.  
Other applications of the membrane structures include radar and reflect arrays. The inflatable 
synthetic aperture radar and reflect array has the ability to provide an enhanced communication 
capability with relatively lower cost, smaller launch volume, and smaller mass than current 
technologies.  One of the critical requirements for the reflect arrays are the flatness of the 
membrane. Performance critically hinges on the precision of the membrane surface. Currently, 
research is being conducted to develop and test computationally effective analysis methods to 




















1.3 Applications of thin films on a soft substrate 
Wrinkles on the spacecraft structural membranes are usually undesirable and have to be 





 or biological purpose
[23]
. The applications extend to the nano 
devices as well.
[24][25]
Wrinkles could help people to visualize some physical phenomenon. The 
periodic nature of wrinkles has recently led to the development of interesting applications 
involving diffraction grating, controlling direction of cells growth, channels with microstructure 
walls for microfluidic devices and others.  
Figure 1-2 (a) The 20 meter solar sail and boom system, developed by L’Garde 
Inc. of Tustin; (b) Wrinkles and creases on solar sail; (c) Five layered sunshields 





For example, in Figure 1-3, one can find the illustration of elastomeric diffraction grating. Most 
traditional optical components are fabricated with rigid materials such as glass or metal, but the 
elastomeric diffraction grating has the advantage of being deformable. Stretching or relaxation of 
an elastomeric diffraction by a home built jig changes the periodicity of the grating and alters the 
spacing of the diffraction pattern. Thus, a single elastomeric optical component can be adapted to 
many applications. The light from a helium-neon laser was directed into the center of the grating 
at the blaze angle of the grating. The resulting diffraction pattern was visualized on a screen in 
the far field; linear displacement of the first order diffraction spot was measured using a ruler. 
The ellipticity and intensity of the first-order beam was obtained from the image of the spot 










 discussed one possible application that utilizes the hierarchical 
nature of the buckled structure to separate mixtures containing particles of variable sizes. A 
buckled PDMS sheet was embedded inside a custom-designed microfluidic chamber shown in 
Figure 1-4(a) and a triphasic aqueous suspension comprising 10μm and 3μm silica beads and 67-
nm polystyrene latex particles was pumped past the surface (perpendicular to the buckles ) at a 
Figure 1-3  Elastomeric diffraction grating [Wilbur, 1996] 
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constant flow rate. The particles began to segregate when the aqueous suspension entered the 
fluid separator. The bigger silica particles ordered predominantly in the valleys with larger 
periodicities as in Figure 1-4(b) and smaller particles aligning along smaller buckles in Figure 










Huang and colleagues studied the wrinkles formed on a floating polymer film due to the 
capillary force exerted by a drop of water placed on its surface. This study was inspired by the 
fact that thin films are often immersed in fluid environments both in biological and in synthetic 
soft materials. They combined the scaling relations that were developed for the length of the 
wrinkles with those for the number of wrinkles to construct a metrology for measuring the 
elasticity and thickness of ultrathin films that relies on no more than a dish of fluid and a low-
magnification microscope. Four polystyrene films of diameter D=22.8mm and of varying 
thickness float on the surface of the water, as shown in Figure 1-5, each wrinkled by water drops 
Figure 1-4 Utilization of the buckled substrates as microfluidic sieves. (a) Schematic of the 
structure of the microfluidic sieve with buckled film being the separating medium. (b)-(c), 




of radius a≈0.5mm and mass m≈0.2mg. As the film is made thicker, the number of wrinkles 
decreases (there are 111, 68, 49, and 31 wrinkles in these images) while the length of wrinkles 
increases.
[5]
 The experimental and theoretical characterization of the radial wrinkles can be found 









Crawling cell locomotion involves protrusion at the leading edge, adhesion to the substratum and 
retraction of the trailing edge. These movements require cells to generate mechanical forces, 
both internally and externally. The forces range from a few nano-newtons to several hundred 
nano-newtons. Harris developed a method to make the deformation by the cell forces on a 
silicone rubber substrate visible under an optical microscope. 
[2]
 In a study by Burton shown in 
Figure 1-6, they improved Harris’s method by pre-processing the silicone rubber substrate to 
increase its compliance. Therefore, the sensitivity of the substrate is increased so that forces were 
detectable. Two types of elastic deformation, wrinkles and substrate displacements, were 
monitored. The use of wrinkles has several advantages including high spatial resolution, linearity 
Figure 1-5 Wrinkling pattern observation using a digital camera mounted on a low-
magnification microscope. The numbers on the upper left corner indicate the thickness of the 
membrane polymer. [Huang, 2007] 
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in force, force measurement from a single image based on the length of one wrinkle, and direct 












1.4 Motivation of the research 
As illustrated in Figure 1-2 (a) and (c), a circular or a square hole usually exists at the center of 
the solar sail or the sunshield. The working station or the telescope can be installed at the 
location of the hole. The spiral wrinkles are generated around the hole if the working station or 
the telescope is being rotated. Based on this application, the first problem to be studied here is a 
circular membrane with a hole in the center, subjected to a tensile displacement at the exterior 
edge and a rotational displacement at the inner circle as illustrated in Figure 1-7. The second 
problem considered here is the wrinkling of a stiff thin film on a compliant substrate, similar to 
the first problem, the film is subjected to a rotational displacement at the surface of the inner 
circle. 
Figure 1-6  (a) and (b) Deformation of the substrates by keratocyte cells at two time 




The first problem is a classical problem in the study of wrinkling of the membrane structures. 
This particular problem is of importance in itself when two structural members must be attached 
to thin membrane-like walls.
 [42]
 Dean provided the first work to solve von Karman’s equation 
under the condition of in-plane torsion. He used linear stability theory to solve the critical stress 
for membranes with different geometries. In his work, the wrinkles were assumed extending 
across the entire breadth of the annulus.
[70]  
Reissner derived the modified tension field theory 
and applied it to this problem to obtain the in plane field variables. But the wrinkles are treated 
as straight lines in his work as shown in Figure 1-7(a).
[31]
 Mikulas experimentally measured 
torque-rotation relations and compared them with variable Poisson’s ratio theory. However, their 
work was  limited to the overall external behavior without any field solutions.
[42] 
Miyamura 
measured the stresses and torsion-strain relations in thin isotropic and orthotropic membranes, 
and found the results agree well with the results from the nonlinear finite element method (FEM). 
Figure 1-7 (b) shows the wrinkles appearing on an isotropic rubber membrane under a rotation 
hub in the center .
[7]
 Wang et.al solved von Karman buckling equations through a compound 
series method.
[71] 
Their model predicted critical buckling load and eigenmodes for the same 
problem as the one described here, as well as the out of plane wrinkle distributions. The 
wrinkling test devices set up in Wang’s study and the wrinkle photo they captured are shown in 
Figure 1-7(c). Figure 1-7(d) is a plot of eigenmodes in their study. 
[71]
 However, the critical loads 
estimated in their work decrease with the increasing of the tensile displacement applied at the 
exterior edge which contradicted to the reality. Coman and Bassom did a similar analysis with 
the aid of the WKB method. They provided a rational understanding of the role played by the 
presence of the finite bending stiffness and to explain the nature of the localized deformation 
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patterns observed in the experiments.
[72]
 Figure 1-7(e) shows a birds-eye view of a neighborhood 
of the central hole of the wrinkled film from Coman’s work. 
Even though several groups have worked on this problem, unfortunately there is no systematic 
study on the effect of each controlling parameter. The numerical and experimental results were 





Figure 1-7 (a) Tension ray in Reissner’s work [Reissner,1938] (b) Wrinkles on 
isotropic rubber membrane under rotation. [Miyamura, 2000] (c) The wrinkling 
test device and wrinkle photo. [Wang, 2016] (d) The critical eigenmode derived 
with compound series method.[Wang, 2016] (f) Three-dimensional topology of 
the wrinkling  modes derived with WKB method. [Coman, 2008] 
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critical load for wrinkling. The results about the number of wrinkles, the radius of the wrinkled 
region and the wrinkle amplitude are still inconclusive, sometimes puzzling or conflicting to 
general understanding. A detailed study is needed to determine the effect of each controlling 
parameter groups, find the critical condition for the onset of wrinkling, to avoid wrinkling or to 
effectively control the wrinkle patterns. 
1.5 Dissertation outline 
In this work, the model problem is thoroughly studied by the finite element method and a semi-
analytical approach. The effect of the shear strain at the inner edge, the radius aspect ratio, the 
membrane thickness, the pre-tensile strain and Poisson’s ratio are studied and compared between 
the two methods. In addition, wrinkling of a stiff thin film on a soft substrate is studied by the 
finite element method and compared with the results from the membrane case. 
In Chapter 2, a brief literature review about wrinkling of membrane and thin film from previous 
studies is given. The methods of performing eigenvalue buckling analysis and post-buckling 
analysis in ABAQUS are also introduced in this chapter. Besides that, Kirchhoff plate theory is 
briefly summarized as a preparation for the semi-analytical study.  
In Chapter 3, the detailed procedures of performing numerical studies with ABAQUS are 
explained. The imperfection factors and stabilizing factors are especially studied. The post-
buckling effects of the shear strain at the inner edge, the radius aspect ratio, the membrane 
thickness, the pre-tensile strain and Poisson’s ratio are studied numerically in this chapter. 
In Chapter 4, a semi-analytical approach is proposed to study the membrane wrinkling. The 
membrane is first assumed to be clamped at the exterior edge. A shape function which can be 
used to depict the deformation of the wrinkles is proposed. Later on, a tension displacement is 
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added to the exterior edge of the membrane and the shape function is further modified. The post-
buckling effects of each controlling parameter are studied with the semi-analytical approach.  
In Chapter 5, the results of the critical strain and the number of wrinkles in the critical condition 
are compared between the two methods. The post-buckling results are also compared. Some 
phenomenon observed in the numerical studies is explained by the analytical study.  
In Chapter 6, wrinkling of the thin film on a soft substrate under torsion is studied by the finite 
element method. The results such as critical strain and number of wrinkles in the critical 
condition are compared to the results from the membrane wrinkling study.  
In Chapter 7, the outcomes from this work are summarized. The future work can be done on the 














2. Literature Review 
2.1 Analytical study 
2.1.1 Tension field theory 
Wagner developed tension filed theory when he was working on the sheet metal girders with 
very thin web for Rohrbach Metal Airplane Company in 1929. This work is found to be the first 
discussion on the wrinkling phenomenon. The web of the spar in the airplane wing shown in 
Figure 2-1(a) is usually formed and calculated as a diagonal tension field. It can be simplified as 
a solid web plate loaded with a shear force P shown in Figure 2-1(b). He made the assumption 
that the compressive stress 𝜎2  may be disregarded relative to tensile stress 𝜎1  after buckling 
occurs and the wrinkles are straight lines in the direction of principal stress 𝜎1 as in Figure 2-1(c). 
Three stress components 𝜎𝑥, 𝜎𝑦 and 𝜏𝑥𝑦 can be written by two unknowns, principal stress  σ and 
the direction of wrinkles α, as noted in Figure 2-1(d). Thus, the two unknowns can be solved 









Figure 2-1  (a) Simplified structure of an aircraft wing: the single spar is highlighted in 
red (b) Solid web plate loaded with shear force P (c) Plate wrinkles in the direction of 
principal stress (d) A small triangular piece of the plate [Wagner, 1929] 
 
(a) (b) (c) (d) 
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Reissner modified tension field theory to more general formulations by straightforward calculus. 
For the first time, he presented the results of the tension field problem. In this assumption, the 
elastic symmetry is always tangent to the lines of principal stress. The anisotropy of such a 
material thus depends on the conditions which are prescribed along its boundaries. 
[31]
 Reissner 
applied this simple analysis to the problem of an annular membrane with torsion in which the 
rays are not parallel.  
In the problems solved above, the tension rays are either parallel or possess rotational symmetry. 
A further generalization of the tension field theory enabled people to solve a variety of problems 
which do not exhibit any simplifying degree of symmetry. 
The strain energy in the membrane is due to only the tensile stresses along the tension rays, since 
there are no normal and shear stresses across adjacent rays. Mansfield formulated a principle of 
maximum strain energy by postulating that the true distribution of tension rays maximizes this 
tensile strain energy. He considered a membrane of constant thickness. In Figure 2-2, two 
adjacent tension rays denoted by LK and L’K’, intersect the x-axis at angles α, α+δα and meet at 
the point H. A typical point in the membrane is defined by α and η, where η is the distance along 
the tension ray, it is a function of α and x. Maintaining equilibrium along the tension ray requires 
the continuity of the tensile load carried by the tapered strip of material enclosed by adjacent rays, 
with the assumption that there is no stress across, the ray as shown in Figure 2-3 gives 
 𝜂𝜎𝜂 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (2-1) 
where ση is the normal stress along a ray.  
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Mansfield extended the general equations developed  to the study of membranes with different 











Figure 2-3 Equilibrium of infinitesimal element of membrane defined by two adjacent 
tension rays    [Mansfield, 1969] 
Figure 2-2 An arbitrary membrane with two adjacent tension rays [Mansfield, 1969] 
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2.1.2 Theories with finite bending stiffness 
All the theories above are limited to prediction of the in plane stress and deformations. In the 
past 15 years, many studies have focused on the out of plane wrinkling of membranes. Cerda and 
Mahadevan used a scaling method to predict the amplitude and wavelength of an isotropic linear 
elastic thin polyethylene sheet under a uniaxial tensile strain as shown in Figure 2-4. 
[33][34] 
This 
is a significant work in the membrane wrinkling study which gave insights not only in the 








They accounted for the energetic cost of bending and stretching and imposed geometric 
constraints by using a Lagrange multiplier.
[34] 
The energy function to be minimized is: 





















Figure 2-4 Wrinkles in a polyethylene sheet of length L≈25cm, width W≈10cm, and 
thickness t≈0.01cm under a uniaxial tensile strain γ≈0.1 [Cerda, 2013] 
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The bending energy 𝑈𝐵 due to the deformations is predominantly in the y direction while 𝑈𝑆 is 
the stretching energy in the presence of a tension 𝑇(𝑥) along the x direction.  
As the sheet wrinkles in the y direction under the action of a small compressive stress, it satisfies 













𝑑𝑦 = 0 (2-5) 













where 𝑏(𝑥) is the unknown Lagrange multiplier and ∆(𝑥) is the imposed compressive transverse 
displacement. The inextensibility theory requires the wrinkle’s total length to remain the same as 




= 0 (2-6) 




2𝜁 = 0 (2-7) 
Plug the periodic solution 𝜁 = 𝐴𝑛 cos( 𝑘𝑛 𝑦 + 𝜑𝑛) sin 𝜋𝑥/𝐿 into equation (2-7) so that finally 
one can write  
 𝒰 = 𝐵𝑘𝑛
2∆𝐿 + 𝜋2𝑇∆/𝑘𝑛
2𝐿 (2-8) 
The wavelength  














For the stretched sheet, the amplitude and wavelength yields 
 𝜆 = (2𝜋𝐿𝑡)
1
2/[3(1 − 𝜈2)𝛾]1/4 (2-11) 
And 




They verified that their analytical result is consistent with the experimental results. 
Wong and Pellegrino did a series of work on a variety shapes and boundary conditions using 
analytical, experimental and numerical approaches. 
[36][37][38][39][40]
One of the examples they 
considered is a flat rectangular membrane of length L, height H, and thickness t, with clamped 
long edges and short free edges. The upper edge is translated by an amount δ in the direction of 
the edge itself, thus subjecting the membrane to a state of simple shear that causes the formation 







Figure 2-5 Rectangular Kapton sheet under simple shear [Wong, 2006] 
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The critical stress is a function of half wave length 𝜆. In the analytical approach, they used Euler 
buckling stress for an infinitely long, thin plate of thickness t, Young’s modulus E and Poisson’s 
ratio ν. The compressive stress and also bending stress in the transverse direction of wrinkles 
which is 




The ξ and η are the principal curvature directions which are perpendicular and parallel, 
respectively to the wrinkle directions indicated in Figure 2-5 . The equation of equilibrium in the 
out of plane direction for a membrane is subjected to  
 𝜎𝜉𝜅𝜉 + 𝜎𝜂𝜅𝜂 = 0    (2-14) 
Where 𝜅𝜉  and 𝜅𝜂  are the principal curvatures which can be obtained by differentiation of w. 
They wrote the out of plane displacement of wrinkles w in terms of an unknown magnitude A 
and sinusoidal shape functions in ξ and η coordinate system.  







The stress field consists of tension rays at 45◦ to the edges, and the stress along the wrinkles, 𝜎𝜂 , 
is much larger than the transverse stress, 𝜎
ξ . Hence, neglecting 𝜎ξ when writing the stress-strain 
relationship in the η-direction, they obtain 
 
𝜎𝜂 = 𝐸𝜀𝜂 (2-16) 
For simple shear  
 𝜀𝜂= γ / 2 (2-17) 
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where γ = δ/H and, substituting into Equation (2-16) 
 𝜎𝜂 =E γ/2 (2-18) 





























The stress along the wrinkles 𝜎𝜂  is known while the stress transverse to the wrinkles 𝜎𝜉  is 
assumed to be equal to 𝜎𝑐𝑟. Substituting stress and curvature terms into the equilibrium equation 
and simplifying yields the wrinkle half wave length expression. Wrinkle amplitude A is solved 
by the inextensibility equation which describes the strain in the buckling direction is the 




2.2 Experimental study 
The earlier experimental studies of thin membrane structures mainly focused on the overall 
behavior. Stein and Hedgepeth measured moment and curvature of a pressurized membrane 
cylinder with bending.
[41]
 Mikulus measured rotation angle and moment of a stretched partially 
wrinkled infinite membrane with a rotation hub in the center.
[42]
 Miyamura did strain 




Like those who worked on the theory generalization, people started to investigate the fine details 
of wrinkling using an experimental approach, but it is challenging since high accuracy and non-
contact measurement method is required. Jenkins was known as the first person who used a 








The sketch shown in Figure 2-6(a) is the membrane model tested on the experimental apparatus 
in Figure 2-6(b). The clamped edge of the membrane was gripped on the stationary gripper while 
the opposite edge was supported on the rolling gripper. On the rolling edge, tension force N and 
shear force V was simultaneously applied thus the translation in x-direction and y-direction is 
permitted.  The surface of the membrane was mapped using a computer-controlled XYZ frame 
and a capacitance proximity sensor or probe. The noncontact sensor acts as one-half of a 
capacitor placed in the XYZ frame within the height adjuster assembly, while the conductive 
mylar membrane surface acts as the other half. An AC voltage was applied between the sensor 
and membrane surface and the capacitance of this sensor membrane circuit was measured. A 
scaled DC voltage is returned to an output terminal on the card to be readed for data acquisition. 
Through several tests on different membrane sizes and boundaries, they observed that the 
Figure 2-6 (a) Sketch for membrane planar deformation (b) Overview of experimental 




number of wrinkles increases with the increase in tension until the tension forces get so large that 
the wrinkles are removed completely. The number of wrinkles decreases as the shear load 
increases until they reach a finite number. The wrinkle amplitude increases with shear force until 
it reaches finite amplitude and decreases when the tension force is increased. Later on, Blandino 
extended the capacitance sensor method with photogrammetry technique to construct a complete 
3D contour map and compared with the results of original method and got good agreement. An 
accuracy of ±0.02mm can be obtained. 
[44] 
However, the capacitance sensor requires a metallic surface and the sensor needs to be in 
electrical contact with the membrane. People started to explore more suitable ways. Wong and 
Pellegrino used a charge coupled device (CCD) laser displacement sensor to measure the out of 
plane displacement of wrinkles of shear loaded rectangular film and four corner loaded square 
film known as Kapton film. The device detects the pixel with the peak light intensity and uses 
triangulation to measure the distance from the laser to the reflecting surface. The device has a 
measurement range of ±15mm and a resolution of 3μm. The experiment apparatus are shown as 
Figure 2-7 (a) and (b) and partial experiment results are shown in Figure 2-7 (c) and (d).
[37] 
Since the full field profile has not been reported by previous studies, Ling examined wrinkle 
onset and measured wrinkle profile in rectangular thin silicon membranes under uniaxial tension 
loading.
[45]
 The fringe projection method, four-frame phase shifting technique, PCG phase 
unwrapping algorithm and series-expansion carrier removal approach was integrated as one 
inclusive method for non-contact full field measurement of wrinkling profile. The CCD camera 
was used to record the continuous membrane behavior.  The range of the measurement was 0-












Vishal combined stereo-vision technique and DIC (digital image correlation) to investigate the 
deformation in the polyethylene sheets of different aspect ratios (length to width ratio) with 
clamped ends under stretching. He also characterized the material response from the results of 
standard uniaxial tension and relaxation tests. It was verified that wavelength scaling relation 
given by Cerda and Mahadevan predicts the wrinkle wavelength reasonably well while the 
wrinkle amplitude scaling relation was found to be in contradiction with the experimental results. 
It was also found that there are some discrepancies between the non-linear elastic results and 
experimental results, especially at large strains (≥20%). 
[46] 
2.3 Numerical study 
The numerical studies on the membrane problems can be divided into two groups: using 
membrane elements and using shell elements. The standard membrane elements only model two 
Figure 2-7 (a) Laser scanning frame; (b) Shear rig; (c) Wrinkle patterns for a 0.025mm 
thick Kapton film under shear displacements of 2mm; (d) Section of 0.025mm thick 
Kapton film for shear displacement of 2mm. 
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degrees of freedom which are the in-plane translations. The bending stiffness is neglected in the 
membrane elements. However, compressive stresses can arise which produce negative stiffness 
terms for those elements.
[47] 
The instabilities encountered using membrane elements can lead to 
the considerations of using shell elements. Shell elements have all three translations and three 
out of plane rotations degrees of freedom. The buckling analysis can be performed using a shell 
model of the structure. 
The first finite element solution was developed by Miller and Hedgepeth in 1982 incorporating 
wrinkling theory with membrane elements named Iterative Materials Properties model (IMP). 
[48] 
They introduced a variable effective Poisson’s ratio for the element to model the geometric strain 
in the transverse wrinkling direction. Hence, instead of using the standard ‘taut’ modulus matrix 

















2(1 + 𝑃) 0 𝑄
0 2(1 − 𝑃) 𝑄
𝑄 𝑄 1
] (2-21) 
Where 𝑃 = (𝜀𝑥 − 𝜀𝑦)/(𝜀1 − 𝜀2)  and  𝑄 = 𝛾𝑥𝑦/(𝜀1 − 𝜀2) . 𝜀𝑥, 𝜀𝑦, 𝛾𝑥𝑦  are the engineering 
components of plane strain while 𝜀1, 𝜀2 are the major and minor principal strains and 1,2 denotes 
the directions of parallel and perpendicular to the wrinkles. In Miller and Hedgepeth method, a 
set of strain criteria is applied to the results for each membrane element in the model. The criteria 
determined whether the elements staying taut, becoming wrinkled or becoming slack. The 
element’s stiffness is modified due to the strain criteria then the resulting model is analyzed with 
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the same loads and processes until the compressive stress disappear. Later on, Alder used a 
stress-strain combination set criteria to calculate the principal strain and stresses at any point 
using 𝐷𝑡  to find if a wrinkle existed or not. He applied this method to analyze a square 
membrane with point load. 
[49]
. Johnson used the same scheme to analyze the static and dynamic 
behavior of the sunshield for a space telescope.  
An alternative model was proposed by Liu and incorporated into the nonlinear finite element 
code TENSION6.
[50]
 Instead of modifying the material properties iteratively, the user preselects a 
penalty tension field parameter to provide a small amount of stiffness in the direction transverse 
to the wrinkles. It helped overcome the numerical singularities associated with vanishingly small 
diagonal terms in the tangent stiffness matrix.  
Besides the iterative approaches, several membrane finite elements that incorporate wrinkling 
within their formulation have been derived from a continuum mechanics approach. These 
methods include using a modified deformation tensor and geometrically modified and 
energetically modified stress strain tensor. 
Tomita and Shindo were the first people to use shell elements to describe wrinkled membranes. 
[51] 
Recently as the commercial finite element software has been regularly used, many groups 
have used ABAQUS packages to analyze the wrinkling onset and growth of wrinkles. Wong and 
Pellegrino extracted a set of eigenvalues and eigenmodes to calculate critical loads and randomly 
distributed eigenvectors into the initially flat membrane as imperfections to analyze the post-
buckling behavior of the wrinkles.
[39]
 Ling did both critical strain analysis and post-buckling 
analysis on the rectangular membrane with ABAQUS. 
[45] 
Vishal did the same analysis but with 
the non-linear elastic material model membrane.
[52]
 Figure 2-8 shows selected result from his 
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work. The first eigenmode for clamped-ends rectangular sheets with 1% pre-stretch is shown in 









A detailed explanation of executing the membrane wrinkling analysis with shell elements is 
summarized in below. 
2.3.1 Three dimensional finite-element shell model 
Even though the bending stiffness is considered small compare to it’s in plane stiffness in the 
membrane structures, it plays a key role in determining the wrinkle properties. In the finite 
element analysis, a three dimensional shell model is adopted. Shell elements are used to model 
structures in which the thickness is significantly smaller than the other dimensions and in which 
the stresses in thickness direction are negligible. ABAQUS offers multiple classes of shell 
elements, essentially, it can be divided into two categories: thin shell elements and thick shell 
elements. For the thick shell options, the effects of transverse shear deformation as shown in 
(a) 
Figure 2-8 (a) The first eigenmode for clamped-ends rectangular sheets with 1% pre-stretch 
obtained from eigenvalue analysis for aspect ratio L/w=2.5; (b) Stretch-induce wrinkle pattern in 




Figure 2-9(b) are important to the solution, on the other hand, it is assumed they are small 
enough to be neglected for the thin shell problems in Figure 2-9(a). The general-purpose 
conventional shell elements use thick shell theory including three node triangular shell element 
(S3) and three node reduced integration shell elements (S3R), four node shell elements (S4), and 
four node reduced integration shell elements (S4R), four node reduced integration shell elements 
with small strain formulation in ABAQUS/Explicit(S4RS), etc. Eight node reduced integration 
elements S8R and S8RT are thick conventional shell elements usually applied in dynamic 
analysis. The thin conventional shell elements S4R5, STRI65, S8R5 should not be used in which 
transverse shear deformation is important and cannot be used for finite-strain applications. Thus 
only general-purpose conventional shell elements are considered here for our problem is a static 







In our calculation, S3/S3R elements will generate unsymmetrical wrinkling shape. S4 element is 
fully integrated and it does not have hourglass modes but since it has four integration locations 
per element compared with one integration location for S4R, which makes the element 
Figure 2-9 Behavior of transverse shell sections in (a) thin shells and (b) thick shells 
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computationally more expensive. Elements types S4, S4R and S4R5 are compared in this study. 
The details can be found in Chapter 3. 
2.3.2 Eigenvalue buckling analysis 
The eigenvalue buckling analysis (*BUCKLE) is generally used to estimate the critical load of 
“stiff” structures. Stiff structures can sustain their design loads primarily by axial or membrane 
action, rather than bending. Their response usually involves very little deformation prior to 
buckling.  The eigenvalue buckling analysis is a linear perturbation procedure and can be used in 
the investigation of the imperfection sensitivity of a structure. In an eigenvalue buckling problem, 
we look for the loads for which the model stiffness matrix 𝐾𝑀𝑁 in Equation (2-22) becomes 
singular, so that the problem has nontrivial solutions 
 𝐾𝑀𝑁𝑣𝑀 = 0 (2-22) 
𝐾𝑀𝑁  is the tangent stiffness matrix when the loads are applied and 𝑣𝑀  are the nontrivial 
displacement solutions.  
An incremental loading pattern 𝑄𝑁 is defined in the eigenvalue buckling prediction step. The 
magnitude of this load is not important because it will be scaled by the load multipliers 𝜆𝑖, found 




𝑀 = 0 (2-23) 
Where 𝐾0
𝑁𝑀 is the stiffness matrix corresponding to the base state, which includes the effects of 
the preloads, 𝑃𝑁 ,𝐾𝛥
𝑁𝑀  is the differential initial stress and load stiffness matrix due to the 
incremental loading pattern, 𝑄𝑁, 𝜆𝑖 are the eigenvalues and 𝑣𝑖
𝑀 are the buckling mode shapes. M 




The critical buckling loads are then 𝑃𝑁 + 𝜆𝑖𝑄
𝑁. Normally the lowest value of 𝜆𝑖 is of interest. 
The buckling mode shapes 𝑣𝑖
𝑀 are normalized vectors and do not represent actual magnitudes of 








Abaqus offers Lanczos and subspace iteration eigenvalue extraction methods. For both 
eigensolvers, the desired number of eigenvalues is specified. Abaqus will choose a suitable 
number of vectors for the subspace iteration procedure or a suitable block size for the Lanczos 
method. The Lanczos solver is used here because it is faster when a large number of eigenmodes 
is required for a system with many degrees of freedom. The minimum number of eigenvalues is 
specified. Abaqus will extract eigenvalues until the requested number of eigenvalues has been 
extracted in the given range. In Figure 2-10, the eigenmodes and the corresponding eigenvalues 
of two membranes with different thickness are shown. 





2.3.3 Post-buckling analysis 
To analyze a post-buckling problem in Abaqus, it has to turn the problem into continuous 
response instead of bifurcation, which can be accomplished by introducing a geometric 
imperfection pattern in the “perfect” geometry so that there is some response in the buckling 
mode before the critical load is reached. Imperfections are usually introduced by perturbations in 
the geometry. To introduce an imperfection, linear superposition of buckling eigenmodes are 
used. First, perform an eigenvalue buckling analysis on the “perfect” structure and derive the 
eigenmodes. Write these eigenmodes to the results file as nodal data. Second add these buckling 
modes to the “perfect” geometry by modifying the keyword input file. The lowest eigenmode is 
usually used as the most critical imperfection. So they are usually scaled and added to the perfect 





Where 𝜙𝑖  is the i
th
 mode shape and 𝜔𝑖  is the associated scale factor. The magnitudes of the 
perturbation are a few percent of the normalized eigenvector. Next, Abaqus/Standard is used to 
perform the post-buckling analysis. When instability is detected, Abaqus will automatically 
introduce pseudo-inertia and pseudo-viscous forces at all nodes using STABILIZE function. 
Another way to perform post-buckling analysis in ABAQUS is by using Riks method. The Riks 
method uses the load magnitude as an additional unknown; it solves simultaneously for loads and 
displacements. Therefore, another quantity must be used to measure the progress of the solution; 
Abaqus /Standard uses the “arc length,” l, along the static equilibrium path in load-displacement 
space. This approach provides solutions regardless of whether the response is stable or unstable. 
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The method can provide solutions even in cases of complex, unstable response such as that 
shown in Figure 2-11.  
The loading during a Riks step is always proportional. The current load magnitude, 𝑃𝑡𝑜𝑡𝑎𝑙,  is 
defined by  
 
𝑃𝑡𝑜𝑡𝑎𝑙 = 𝑃0 + 𝜆(𝑃𝑟𝑒𝑓 − 𝑃0) (2-25) 
Where 𝑃0 is the “dead load”, 𝑃𝑟𝑒𝑓 is the reference load vector, and 𝜆 is the “load proportionality 
factor.” The load proportionality factor is found as part of the solution. Abaqus/ Standard prints 
out the current value of the load proportionality factor at each increment.  
Abaqus/Standard uses Newton’s method to solve the nonlinear equilibrium equations. The Riks 
procedure uses only a 1% extrapolation of the strain increment. An initial increment in arc length 
along the static equilibrium path, ∆𝑙𝑖𝑛  is provided when defining the step.  The initial load 
proportionality factor, ∆𝜆𝑖𝑛, is computed as  
Figure 2-11 Proportional loading with unstable response 









where 𝑙𝑝𝑒𝑟𝑖𝑜𝑑 is a user-specified total arc length scale factor. The value of ∆𝜆𝑖𝑛 is used during the 
first iteration of a Riks step. For subsequent iterations and increments the value of 𝜆 is computed 
automatically, so there is no control over the load magnitude. The value of 𝜆 is part of the 




2.4 Kirchhoff plate theory 
Kirchhoff plate theory, also known as classical plate theory, is an extension of the Euler-
Bernoulli beam theory which is formulated based on the hypothesis that the straight lines 
perpendicular to the mid surface remains straight after deformation and these straight lines do not 
experience elongation as denoted in Figure 2-12.
[54] 
 
Figure 2-12 Undeformed and deformed geometries of an edge of a plate under the 
Kirchhoff assumptions [J.N.Reddy, 2007] 
36 
 
Consider a plate of uniform thickness h. The rectangular Cartesian coordinates are used with an 
xy-plane coinciding with the geometric middle plane of the plate and the z-coordinate take 
positive downward. Suppose that (u,v,w) denote the total displacements of a point along the 
(x,y,z) coordinates. A material point occupying the position (x,y,z) in the undeformed plate 
moves to the position (x+u,y+v,z+w) in the deformed plate. The inextensibility of the transverse 




= 0 (2-27) 













= 0  (2-28) 
These conditions imply that the displacement field for time independent formulations as follows: 
 








𝑤(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦) 
 
(2-29) 
Where (𝑢0,𝑣0,𝑤0) denote the displacements of a material point at (x,y,0) in (x,y,z) coordinate 
directions. Note that (𝑢0,𝑣0) are associated with extensional deformation of the plate while 𝑤0 
denotes the bending deflection.  
The strains associated with the displacement field can be computed with non-linear strain 
displacement relations. The small strain assumption implies that the second order terms are 
omitted in the strains. The rotations of transverse normal are moderate but not negligible 
















































































































) = 0 
(2-30) 
 
The strain-displacement relations above are for this special case of geometric nonlinearity. The 
transverse strains (𝜀𝑥𝑧, 𝜀𝑦𝑧, 𝜀𝑧𝑧) are identically zero in the classical plate theory. The strains in 




































































The strains of the middle surface ( 𝜀𝑥𝑥
0 , 𝜀𝑦𝑦
0 , 𝛾𝑥𝑦




1 ) are called flexural (bending) strains, known as curvatures. The membrane strains 
and curvatures will be used in the stretching energy and bending energy generalization in 
Chapter 4.  
2.5 Wrinkling of the thin film on a soft substrate  
Wrinkles are easily observed on a stiff film on top of a soft substrate when the substrate is 
released from pre-stretching. Yu and Jiang did experiment to measure the amplitude and 
wavelength of the wrinkles formed on the stiff film on the polymeric substrates. They measured 
resistance as well for the periodically wrinkled stiff thin films on elastomeric substrates have 
applications in stretchable electrodes. In their work, the PDMS substrate is stretched to a desired 
stage. Then the pre-stretched PDMS substrate is exposed to a flood exposure by a UV lamp 
which is used to change the chemistry of the PDMS at the atmosphere oxygen. The pre-strained 
PDMS is slowly relaxed to generate wavy surface after the planned exposure time is reached. 
Chromium/gold(Cr/Au) films are directly deposited on the wavy surface by thermal evaporation. 
The fabrication process is illustrated in Figure 2-13.  The optical images of the stretchable 
electrodes are shown in Figure 2-14. The reason of the wrinkling onset is the compressive stress 





















Figure 2-13   Schematic illustration of the fabrication process. [Yu 
and Jiang, 2010] 
Figure 2-14 Optical images of the stretchable electrodes under different levels of 
applied strain [Yu and Jiang,2010] 
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Another way for wrinkles occurrence on a stiff film on the soft substrate is due to thermal strain 
mismatch. Zhang and colleagues utilized microbeads to regulate surface wrinkling patterns in 
film-substrate systems.
[56]
 In their work, a PDMS substrate is heated to 150℃ and a gold film is 
deposited on top of the PDMS substrate before the sample was cooled. The elastic modulus of 
the gold film was about 47GPa and the thickness was around 30nm. The thermal expansion 
coefficient of the gold film and PDMS are 14×10-6/K and 320×10-6/K, respectively. After 
cooled to room temperature, the gold film buckled due to the isotropic mismatch strain between 
the film and the substrate. The surface morphologies of the systems with and without microbeads 
were observed using a 3D laser scanning microscope as shown in Figure 2-15. Similarly, the 
wavy wrinkles generated on an oxidation formed thin film on top of the soft PDMS due to 








The straight wrinkles and labyrinthine patterns are shown above in Figure 2-14and Figure 
2-15(a).The labyrinthine patters are also named herringbone pattern.  Another pattern, square 
checkerboard illustrated in Figure 2-16 can be formed when the maxima and minima of the film 
deflection are distributed at the vertices of a square lattice. 
[58]
 
Figure 2-15 Experiments  (a) Labyrinthine pattern forms in the film-substrate system without 





Chen and Hutchinson found the herringbone mode produces the lowest average elastic energy of 
the film/substrate system among the three modes.
[59]
 Audoly and Boudaoud first clarified the 
boundary conditions to be used at the interface between the film and the substrate.  They 
examined the one dimensional mode and the stress states to transit to the herringbone mode. 
[60] 
In their series paper, they focused on the herringbone patterns and gave a global picture for the 
formation of herringbone patterns under increasing residual stress.
[61]
  Cai et al.presented several 
examples where transitions from one mode to another occur continuously without a “jump” in 
wavelengths.
[62]
 Huang et al. obtained amplitude and wavelength of sinusoidal wrinkles by 
minimizing energy through nonlinear analysis. They also developed a spectral method to 
simulate two-dimensional wrinkle patterns and showed that the wrinkles evolve to an array of 
herringbones or stripes when the initial film strains are anisotropic.
[63]
 
The above studies are limited to the linear elastic materials in both film and substrate. Huang et 
al. published the studies on the same problem but with a viscous layer. The viscous layer has no 
effect on the critical wave number while its viscosity and thickness set the time scale for the 
growth of the perturbations.
[64]
 Both film and substrate are taken to use Neo-Hookean material 
Figure 2-16 Checkerboard mode [Yoo, 2002] 
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model in the work published by Cao et al.
[65]
 In another work of Cao et al., the soft elastic graded 
substrate is considered. The variation in the Young’s modulus of the substrate is described by a 
power function and an exponential function. 
[66] 
Besides that, by changing the size of the film, shape of the substrate or the boundary conditions 
applied on the film. The diversity patterns of wrinkles can be obtained. Zhao et al. revealed the 
occurrence of surface wrinkling can be controlled by tuning the lateral size of the thin film for a 
given muduli ratio.
[67]
 The spheroidal substrate with hard skin was investigated by Yin et al. The 
anisotropic stress-driven buckling in spheroidal core/shell system could resemble the global 
pattern features formd in the appearance of quite many kinds of fruits and vegetables.
[68] [69] 
The 













3. Finite element analysis of a membrane under torsion 
 
3.1 Problem statement 
Now consider a pre-stretched circular membrane under in-plane torsion at the inner hole. As 
shown in Figure 3-1, an annular flat membrane is attached to the circular frames at its inner and 
exterior edges. A small tensile radial displacement is applied at the exterior edge to ensure the 
initial flatness of the membrane. A rotational angular displacement is then exerted at the edge of 
the inner hole. When this rotational displacement exceeds a certain amount, wrinkles appear on 
the membrane. In this study, firstly, the condition for the onset of wrinkles is obtained, so that 
wrinkles may be avoided through the careful design if the wrinkles are not desired; secondly, the 
post-buckling behavior is predicted, such as the number and amplitude of the wrinkles, and their 








Figure 3-1 A pre-stretched annular thin membrane model subjected to a uniform displacement 
field 𝑢0 at the outer boundary (r=b) and azimuthal shearing 𝑣0 at the inner rim (r=a) 
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In this chapter, we will first conduct the finite element analysis on the problem to perform the 
critical condition study with linear perturbation buckling analysis, followed by a nonlinear post-
buckling study. The effects of the geometry, loading condition and material property in both 
analyses are explored. In the next chapter, a semi-analytical approach is proposed to give simple 
formulae for predicting the critical strain, quantifying the post-wrinkling behavior such as the 
amplitude of the wrinkles and number of wrinkles, and explaining some phenomena observed in 
the finite element calculation. Part of the results for the geometry effect and loading condition in 
the eigenvalue buckling analysis will be shown in Chapter 5 for comparison with the analytical 
results and in Chapter 6 for comparison with the thin film on the soft substrate case.  
Table 3-1 lists one set of the parameters we used in the finite element analysis to test the 





. The commercial finite element analysis software ABAQUS 
provides the solvers for both the buckling and post-buckling studies. In the finite element model, 
the mesh discretization was quad-dominated shape with sweep technique shown in Figure 3-2.  
The shell element (S4R) in ABAQUS was used to enable the simulation of three dimensional 
deformation of the thin membrane.  
Table 3-1 One set of the parameters used in finite element analysis 
Parameters Numerical model 
Exterior Radius, b 300mm 
Inner Radius, a 50mm 
Thickness, t 0.5mm 
Young’s Modulus 5723MPa 
Poisson’s ratio 
Initial tension 𝑢0 













3.2 Eigenvalues and eigenmodes of buckling 
The Eigenvalues and eigenmodes of buckling gave the critical loads and the associated 
deformation mode of buckling. There were two steps to implement eigenvalue buckling analysis. 
The first step was a general static step and the second one was a linear perturbation buckle step. 
 In the first step, a radial tensile displacement boundary condition u1 of 0.108 mm was applied at 
the exterior edge to ensure the flatness of the annular membrane. A rotational displacement 
boundary condition u2 of 0.01 mm was applied at the inner edge as shown in Figure 3-3. The 
effect of the amount of initial shearing strain on the critical strain will be discussed later.   
In the second step, all the six degrees of freedom of any node at the exterior boundary were fixed 
and the perturbation displacement of 1mm in the counterclockwise direction was applied at the 
inner edge as shown in Figure 3-4. Through this step, as discussed in the section 2.3.2, 
eigenvalues and the corresponding eigenmodes can be obtained. The displacement eigenvectors 
of the second step needed to be written to the node file by editing the keywords. The node file 
was used as the initial imperfection in the post-buckling analysis. Especially, the nonlinear 
Figure 3-2 Mesh discretization 
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3.3 Post-buckling analysis 
In the post-buckling analysis, first of all, the initial imperfection was seeded to the perfect 
structure by editing the keywords at the beginning of the analysis. The keyword *Imperfection 
(a) (b) 
Figure 3-4 Boundary conditions applied in the second step: Linear perturbation, *Buckle step: 
(a) A fixed boundary conditions applied on the exterior edge. (b) Perturbation displacement 
v=1mm applied on the inner edge. 
Figure 3-3 Boundary conditions applied in the first step: static, general step (a) u=0.108mm 




was added after the part keywords as shown in Figure 3-5(b). And the file name was the 
displacement node file saved from the previous eigenvalue analysis step. The first mode was 
used and the imperfection scale factor was set as 0.01. It is seen that the initial imperfection was 
successfully seeded by plotting the coordinate’s value in the z-direction in Figure 3-5(a). Here, 
the eigenmode vector was normalized by setting the maximum out of plane displacement to be 1 
length unit, which was 1mm in this analysis. Thus, the maximum amplitude of the seeds is 
around 0.01mm which is the result of the scale factor 0.01 multiplied by the maximum 
normalized displacement 1mm in the eigenvalue analysis step. Some literature mistakenly 
calculated it as the scale factor multiplies the shell thickness. We have tried on the membrane 
with different thicknesses and proved that for the different thicknesses the imperfection holds the 
same amount as long as the scale factor was given the same value. The imperfection sensitivity 
on the modes will be discussed later. 
After seeding the imperfection, a general static step was implemented. A radial tensile 
displacement was applied at the exterior edge and a rotation displacement of 1mm was imposed 
at the inner circle. It is worthy to note that the stabilization factor needs to be set for the purpose 
of convergence. The selection of the stabilization factor value is going to be discussed in the 











i. Critical strain 
Finding the critical strain is the most crucial issue in this project. Since the field is not uniform 
before buckling occurs, the critical strain is defined as the shear strain 𝜀𝑟𝜃 at r=a right before the 
appearance of wrinkles. An angular displacement value 𝑣0 at the inner edge was applied first. 
This sets up the loading mode, in which way the external load should be increased. A 
displacement increment 𝑣𝛥  was also assigned. The software then increases the angular 
displacement at the inner radius to 𝑣0 + λ𝑣𝛥 and tested the value of λ (eigenvalue) at which the 
stiffness matrix of the linearized system becomes singular. The corresponding shear strain at the 
inner edge r=a was then recorded as the critical strain. In this calculation, 𝑣𝛥 = 1mm was chosen. 
The selection of this number doesn’t influence the final result because this number will be scaled 
by the eigenvalue λ. To check the dependence on the choice of the initial displacement, 𝑣0 =
0.01mm, 0.05mm and 0.1 mm were tried. Although the three eigenvalues obtained are different, 
the three critical displacements were very close, which are 0.253mm, 0.25298mm and 
0.25295mm respectively and give the same critical strain of 0.51%. The results are compared in 
Table 3-2.  The critical displacement is independent of the initial displacement applied at the 
inner edge. Because the material model is linear elastic, the initial strain doesn’t affect the 
critical strain. However, if the nonlinear elastic model is used, the linear perturbation relation 
doesn’t hold anymore because of the nonlinearity of both the material and the kinetics. 
[46]
 
Figure 3-6 shows the first eigenmode and the corresponding eigenvalue calculated in the linear 
perturbation analysis with different initial shearing strain at the inner edge of the membrane with 
thickness ratio a/t=100 and the external-internal radius ratio b/a=6 when the pre strain at r=a is 
 𝜀𝑟 = 0.074% due to the radial displacement applied at the exterior edge. Three eigenmodes in 
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the figure are essentially identical with a possible difference of rigid body rotation. The out of 
plane displacements are normalized by making the maximum displacement equals to 1 which 
doesn’t represent the real displacement. But it could indicate the possible deformation mode in 
the critical condition. 
Table 3-2 Critical strain calculation with different initial displacement in the perturbation step 
Initial displacement 𝒗𝟎𝒗𝟎 𝒗𝟎 Eigenvalue λ 𝒗𝒄𝒓 = 𝒗𝟎 + λ𝒗𝜟 Critical strain 𝜺𝒄𝒓 
0.01mm 0.243 0.253 0.51% 
0.05mm 0.20298 0.25298 0.51% 
0.1mm 0.15295 0.25295 0.51% 
*The 𝑣𝑐𝑟 and 𝜀𝑐𝑟  are the rotation displacement and strain calculated by the eigenvalue of the 
lowest eigenmode. 
 
More results about the relation between the critical strains’ dependence on geometry and initial 
tensile strain in finite element calculation will be discussed in Chapter 5 and 6.  
 
ii. Mesh convergence study and the eigenmodes 
In this part the mesh convergence study is performed. The number of wrinkles and eigenvalues 
in the first eigenmode are investigated. To ensure the numerical results obtained are reliable, a 
(a) (c) (b) 
Figure 3-6 (a), (b) and (c) are the first eigenmode for the membrane with thickness ratio a/t=100 
and aspect ratio b/a=6 when the pre-strain  𝜀𝑟 =  0.074% under different initial shear strain 
0.021%, 0.1% and 0.2%. 
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mesh convergence study was performed for the membrane model with material and geometry 
parameters listed in Table 3-1. The out of plane displacement in the eigenmodes in Table 3-3 
tells us the result of number of wrinkles in the eigenmodes and eigenvalues converges when the 
elements are 68750.  A very fine mesh is required especially for the thin membrane case. 
Similarly, nine models with three different element types for three different thicknesses are 
compared in Table 3-4. The material parameters used in this study were the same as the ones 
used in the convergence study and the elements are 68750. One can see that the number of 
wrinkles in the first eigenmode is 4 or 5 when the radius to thickness ratio is 50 and when it is 
100. The element type does not affect the result significantly when the membrane is thick. But 
when the membrane is comparatively thin, the element type does affect the result.  The number 
of wrinkles generated under rotation is 13 when the S4R and S4R5 element are used while the 
number is 12 when the S4 element is used. 
In the experiment, the displacement applied at the exterior edge is not possible to be neglected 
because of the weight of the membrane. If this is the case, the displacement 𝑢0 at the exterior 
edge has to be applied in the numerical calculation, both in buckling and post-buckling analysis. 
In Table 3-5, it is found that in the thick membrane cases, the number of wrinkles in the 
eigenmode is 3 or 4 for different pre tensile strain at r=a. While when the thickness ratio equals 
to 100 or 400, the number of wrinkles is sensitive to the pre strain. 
The reason why the number of wrinkles in the eigenmode is sensitive to the number of elements, 
the element type and the initial tensile strains is unknown from the finite element studies. But it 
may be explained from the analytical study performed in the next chapter.  
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Table 3-3 Mesh convergence study 
No. of          
elements 
 
    a/t       
2750 10900 68750 122244 190528 
50 
     
n=4,λ=0.45619 n=4, λ=0.43148 n=4, λ=0.42414 n=4, λ=0.42351 n=4, , λ=0.42323 
100 
     
n=5, λ=0.28506 n=5, λ=0.26014 n=5, λ=0.2525 n=5, λ=0.25184 n=5, λ=0.25154 
400 
     








    a/t       
S4R S4 S4R5 
50 
   




n=5 n=5  n=5 
400 
   











           𝜀𝑟  at r=a 
 








   








n=16   n=13 n=6 
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iii. Imperfection scale factors 
In this section, the imperfection scale factors are compared for the membrane of thickness 
a/t=100 and a/t=400. The geometry and loading conditions are the same for each thickness. Only 
the first eigenmode is used as the imperfection in here. 
We define the point of wrinkle onset as when the out of plane displacement is 1% of the wrinkle 
amplitude. The imperfect membrane will start to evolve to a wrinkled membrane after the 
wrinkle onset. For the different scale factors, the strain for the wrinkle onset is varied especially 
for the thick case as shown in Table 3-6. When the membrane thickness is a/t=100, the strain at 
the wrinkle onset is changed from 0.04% to 0.138%. However, the wrinkle amplitude is the same 
after wrinkle evolving even though the scale factors are twice or five times to each other. Besides 
that, the scale factor will influence the computational time significantly. The higher the scale 
factor the less time is used to get the result converged. A similar conclusion can be reached for 
the thin membrane case too as shown in the Table 3-7 except that the strains for the wrinkle 
onset are very close. The radius aspect ratio for all the models used here was b/a=6. The pre 
tensile strain at inner edge was 0.074%. It should be mentioned, if the scale factor is too small 
like 0.001, the membrane will stay as flat and will not wrinkle.  
Table 3-6 Imperfection scale factors comparison for the membrane with thickness ratio a/t=100. 







0.001 / / / / 
0.005 3.125 3% 1069 0.138% 
0.01 3.12 3% 432 0.08% 
0.02 3.11 3% 255 0.06% 






Table 3-7 Imperfection scale factors comparison for the membrane with thickness of a/t=400. 







0.005 1.294 2.6% 657 0.035% 
0.01 1.288 2.6% 499 0.02% 
0.02 1.278 2.6% 316 0.015% 
0.1 1.205 2.6% 197 0.01 % 
 
iv. Riks method 
The maximum wrinkle amplitude is compared in Table 3-8 between using Riks method and 
stabilization technique in the static analysis when the radius aspect ratio is 6 and the pre tensile 
strain at the inner edge is 0.074%. The rotational displacement applied at the inner edge is twice 
of the critical value for the corresponding membrane. It is found that the difference from the two 
methods is just 2% if the membrane thickness ratio is 50. As the membrane is getting thinner, the 
difference between the results from the two methods get bigger, but the results are still 
comparable. 
Table 3-8 Maximum wrinkle amplitude comparison between two methods 
 a/t=50 a/t=100 a/t=400 
*static, stabilize 2.004mm 1.26mm 0.366mm 
*static, Riks 2.049mm 1.483mm 0.473mm 
 
v. Post-buckling dependence on the eigenmode. 
Next, the mode selection for the imperfection in the post-buckling is discussed. In the previous 
work of the rectangular membrane wrinkling, people usually use the eigenmode corresponding to 
the lowest eigenvalue as the seeded imperfection. The result wouldn’t change if the other modes 
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are used as long as they hold the same symmetric property as the lowest one. However, for the 
circular model discussed here, it is found that the results depend on the eigenmode. In order to 
understand how they are related, different combinations of the eigenmodes and scale factors are 
tested. The thickness ratio of the membrane used in this test was a/t=100, the radius aspect ratio 
was b/a=6 and the tensile strain was 0.074% at the inner edge. 
The combination is selected following Equation (3-1). 
 ∆𝑊 = 𝛽𝑖𝑊𝑖 + 𝛽𝑗𝑊𝑗 (3-1) 
 
where ∆𝑊 is the imperfection to be seeded in the structure and  𝛽𝑖 and 𝛽𝑗 are the scale factors 
related to the ith and jth eigenmode vectors 𝑊𝑖  and 𝑊𝑗  respectively. Because the eigenmodes 
always come in pairs for each eigenvalue, each pair has the same number of wrinkles. Here, only 
the odd eigenmode was chosen. The numerical results are listed in Table 3-9 and summarized 
below. 𝑁𝑖 and 𝑁𝑗 are the number of wrinkles in the two eigenmodes. 
(1) The number of wrinkles n in the post-buckling analysis is the same as the number of 
wrinkles in the seeded mode if a single mode is used. For example, if the first mode is 
used as imperfection, the number of wrinkles in the post-buckling analysis is 5 which is 
the number of wrinkles in the first eigenmode. If the third mode is seeded, the number of 
wrinkles in the post-buckling analysis is 6, the same as the number of wrinkles in the 
eigenmode.  
(2) If both modes selected have the number of wrinkles bigger than 5, the combination of the 
two modes as imperfection will lead to 5 wrinkles after evolving. If one of the modes has 
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a number of wrinkles less than 5, the combination of the two modes imperfection will 
evolve to 4 wrinkles.  
(3) If one of the selected modes in the combination of the two modes is far beyond the lowest 
mode, the computational time is much longer than the modes selected around the lowest 
eigenmode. Or if the scale factor for one of the modes is small, the computation will take 
longer time. This conclusion doesn’t apply to the condition that only one mode is used as 
imperfection. 
Table 3-9 Imperfection mode sensitivity test 
𝜷𝒊 𝒊 𝑵𝒊 𝜷𝒋 𝒋 𝑵𝒋 𝒘𝒎𝒂𝒙(mm) n 
Computational 
time(s) 
0.02 1 5 0 3 6 3.11 5 261 
0 1 5 0.02 3 6 2.612 6 342 
0 0 5 0.02 9 8 1.804 8 126 
0.1 1 5 0.1 3 6 3.206 5 258 
0.07 1 5 0.03 3 6 3.115 5 259 
0.05 1 5 0.1 3 6 3.266 5 415 
0.03 1 5 0.1 3 6 3.293 5 479 
0.03 3 6 0.1 5 4 3.716 4 140 
0.1 7 7 0.1 9 8 3.348 5 3128 
0.1 9 8 0.1 11 3 3.920 4 1806 
0.1 13 9 0.1 15 10 3.218 5 4015 
0.1 9 8 0.1 13 9 3.273 5 3495 
0.1 7 7 0.1 13 9 3.350 5 1594 
0.1 7 7 0.03 13 9 3.276 5 2371 
0.03 1 5 0.1 13 9 3.209 5 4491 
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According to the above consideration, the lowest eigenmode and the scale factor of 0.1 is 
adopted in the following post-buckling studies. Unlike the rectangular case, the post-buckling 
results depend on the eigenmode if the single mode is used as imperfection. The reason for this 
phenomenon will be discussed in Chapter 5.  
vi. Stabilizing factor effect 
Abaqus/Standard provides an adaptive stabilization algorithm that applies optimized viscous 
damping forces to unstable problems. This algorithm provides accurate results and improves the 
robustness of static analyses where a sudden release of energy occurs. In this section, the 
stabilizing factor effect is compared when it is used in different loading and imperfection 
structures. The radius ratio of the membrane used in this section is b/a=6, the thickness ratio is 
a/t=100, the pre tensile strain applied at inner edge is 0.074%.  
First, the stabilizing factor effect is compared for the membrane with the lowest eigenmode as 
the seeding imperfection. The applied angular displacement at the inner circle was twice of the 
critical value. The results are shown in Table 3-10. The calculation can be successfully 
completed even though no stabilizing factor was used. The maximum amplitude 𝑤𝑚𝑎𝑥 converges 
at the value of 1.26mm. The computational time for the calculation doesn’t have a big variation 
either. If the stabilizing factor is too big such as 1×10
-1
, the wrinkle may not evolve. However, if 
the angular displacement applied at the inner edge is much bigger than the critical value, the 
calculation is aborted. The calculation with a large displacement case will be discussed in the 





Table 3-10 Stabilizing factor effect when the single mode is used and the shear strain is small 







 0.01379 1% 95 
1×10
-2
 0.07711 1% 166 
2×10
-4
 1.259 1% 126 
1×10
-6
 1.26 1% 132 
1×10
-8
 1.26 1% 127 
none 1.26 1% 128 
 
Next, the stabilizing factor effect is compared for the same membrane but with a big angular 
displacement. The results in Table 3-11 shows that 𝑤𝑚𝑎𝑥 converges when the stabilizing factor is 
smaller than 1×10
-2
. But it cannot be too small. The calculation effort is significantly increased 
or the calculation is not able to converge again if the factor is too small.  Like the number we 
tried, when the stabilizing factor is 1×10
-8
, the computational time is increased to 1542s. If an 
even smaller number is used, such as 1×10
-10
, it is like no stabilizing factor had been applied. 
The calculation is aborted. The optimized stabilizing factor is marked in red which is 1×10
-3
, the 
calculation converges at the same time the computational effort is the lowest. 
Table 3-11Stabilizing factor effect when the single mode is used while the shear strain is high 







 1.2 6% 228 
2×10
-1
 1.663 6% 220 
1×10
-1
 1.976 6% 207 
5×10
-2
 3.255 6% 245 
2×10
-2
 3.795 6% 188 
1×10
-2
 3.845 6% 140 
1×10
-3
 3.878 6% 123 
1×10
-4
 3.882 6% 129 
1×10
-6
 3.867 6% 381 
1×10
-8
 3.867 6% 1542 
1×10
-10
 / / / 










 are compared in
 
Figure 3-7. 
It exhibits that the result is robust if the optimized stabilizing factor is used. But if the stabilizing 







Finally, the stabilizing factor effect is compared when the seeding imperfection is the 




 eigenmodes are used here and the 
scale factors used are both 0.1. If the stabilizing factor is 0.02, the imperfect membrane is 
evolved to eight wrinkles eventually and the wrinkle amplitude is small. If a small stabilizing 
factor 1×10
-7
 is used, the result converges to 3.878mm with five wrinkles.  
Table 3-12 Stabilizing factor effect when the combination is used and the shear strain is high 







 2.422 6% 107 
2×10
-4
 2.918 6% 162 
1×10
-5
 2.915 6% 141 
1×10
-6
 4.03 6% 863 
1×10
-7
 3.878 6% 1867 
1×10
-8
 3.835 6% 3862 
1×10
-10
 3.850 6% 5493 
1×10
-11
 \ \ \ 
Figure 3-7 Out of plane displacement contour plot when the stabilizing factor is 2×10
-1
. Out of 
plane displacement when the stabilizing factor 1×10
-3




To summarize the comparison above, the stabilizing factor needs to be paid attention to when it 
is used to stabilize the energy dissipation. A big stabilizing factor may induce a drastic change 
and system distortion while a too small factor may give almost no change between each 
evolution step and make it difficult to set the stop for convergence. An appropriate factor for a 
robust result and a reasonable computational effort needs to be obtained with careful test and 
comparison.  
It should be mentioned here that the results from both eigenvalue analysis and post-buckling 
analysis, including both the eigenmodes and corresponding eigenvalues, depend on the radius 
aspect ratio, radius- thickness ratio and pre-tensile strain.  The effects of these parameters are 
discussed in the following sections. 
vii. Effect of shear strain at the inner edge 
Shear strain at the inner edge is the most important loading parameter in this problem. In this part, 
the effect of shear strain in the post-buckling behavior is studied with FEM for the membrane 
with radius aspect ratio of 6, pre-tensile strain of 0.074% at the inner edge and Poisson’s ratio of 
0.5. In Figure 3-8, one can find that the number of wrinkles doesn’t increase by increasing the 
shear strain. The number of wrinkles is 4, 5 and 13 for the membrane with thickness ratio of 50, 
100 and 400. In Figure 3-9, the radius of the maximum wrinkle amplitude location is compared 
when the shear strain increases. For the thick case, the radius of the maximum wrinkle amplitude 
location moderately decreases by increasing shear strain while the results don’t change with the 
shear strain increasing for the relatively thin case. The maximum wrinkle amplitude comparison 
can be found in Figure 3-10. The maximum wrinkle amplitude increases significantly with the 
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Figure 3-8 Number of wrinkles changes with shear strain for different 
thicknesses 
Figure 3-9 Radius of the maximum wrinkle amplitude location changes with 












viii. Effect of outside boundary 
Figure 3-11 illustrates the effect of radius ratio b/a for the membranes with thickness ratio 
a/t=100 and pre-strain  𝜀𝑟 =0.074% at r=a. Figure 3-11 (a1), (b1), and (c1) show the first 
eigenmode when the radius aspect ratios are b/a=4, 6 and 10.  Figure 3-11 (a2), (b2) and (c2) 
show the corresponding out of plane displacement in the post-buckling analysis when angular 
displacement is twice of the critical value applied at the inner edge. One can see from the results 

























Figure 3-11 (a1), (b1) and (c1) are the first eigenmodes for the membrane with 0.074% 
pre-strain at inner edge and thickness ratio a/t=100 for different aspect ratios: b/a=4, 6 and 
11; (a2), (b2) and (c2) are the out of plane displacements of the membrane in post-buckling 
analysis with aspect ratio of b/a=4, 6, 11 for the same thickness ratio a/t=100 under the 







More studies about the effect of exterior boundary can be found in Figure 3-12. It is observed in 
Figure 3-12(a) that the number of wrinkles for the thick case a/t=50 is 4 when the ratio of the 
exterior radius to inner radius changes from 4 to 35. When the thickness ratio is a/t=100 and 
a/t=400, the number of wrinkles is 5 and 13 respectively for all the aspect ratios.  The number of 
wrinkles doesn’t change with the radius aspect ratio for all the thicknesses as long as the tensile 
strain at the inner edge remains the same. 
Figure 3-12(b) compares the radius of the maximum amplitude location. When the membrane 
thickness ratio is a/t=50, the radius of the maximum amplitude location first increases from 1.8 
to 2 as the radius aspect ratio changes from 4 to 20. After 20 the radius doesn’t change with the 
radius aspect ratio increasing. While when the membrane thickness ratio is a/t=100, the radius of 
the maximum amplitude has a slight increase for low aspect ratio and keeps a constant beyond 
the ratio equals to 12. For the thinnest case compared here which is a/t=400, the radius of the 
maximum amplitude location is around 1.22 when the radius aspect ratio changes from 4 to 35. 
 When it comes to the maximum amplitude comparison, the results show similar trends to the 
radius of the maximum amplitude comparison. The maximum amplitude 𝑤𝑚𝑎𝑥/a first increases 
with the radius aspect ratio for the thick case a/t=50 from 0.035 to 0.045 when the radius aspect 
ratio changes from 4 to 15. After 15 the maximum amplitude remains a constant value 0.45 as 
the radius aspect ratio increases. The maximum amplitude increases moderately when the 
thickness ratio is a/t=100 for the low aspect ratio and tends to stay a constant value as the ratio 
further increases. For the thinnest one, the maximum amplitude remains a constant 0.08 as the 
























Figure 3-12  Outside boundary effect in the post-buckling analysis. (a) Number of wrinkles 
comparison. (b) Radius of the maximum wrinkle amplitude location comparison (c) Maximum 
amplitude comparison.  
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ix. Effect of pre tensile strain 
In the analysis mentioned in section 3.2 and 3.3, a pre-stretch is usually applied to make the 
membrane flat and avoid slacking. In this case, a pre-stretch in the radial direction creates a 
biaxial tension state in the membrane and would suppress the occurrence of the wrinkle. The 
effects of the pre tensile strain on the post-buckling behaviors are compared. 
In Figure 3-13, the effect of pre strain is shown for the membrane with thickness ratio a/t=100 
and radius aspect ratio b/a=6. Figure 3-13 (a1)(b1),(c1) show the first eigenmodes when the pre-
strain  𝜀𝑟 at r=a are 0.0074%, 0.074% and 0.14% respectively. For comparison, the critical shear 
strain at the same location is 0.129%, 0.514% and 0.789%. Figure 3-13 (a2)(b2) and (c2) show 
the out of plane displacement when the angular displacement twice of the critical value is applied 
at the inner edge. The eigenmodes in (a1),(b1),(c1) are used as geometric imperfections in the 
post-bucklinig analysis.  It is seen that the number of wrinkles grows significantly from n=3 to 6 
when   𝜀𝑟 changes from 0.0074% to 0.14% for the given geometry.  
More studies can be found in Figure 3-14. Compared with the effects of the external boundary, 
the pre tensile strain and the thickness have significant effects on the number of wrinkles, the 
radius of the maximum wrinkle amplitude location and the maximum wrinkle amplitude.  
Firstly, the zero pre tension case is considered. When the exterior edge is just fixed, no tensile 
displacement is applied at the exterior edge, the number of wrinkles is the same for all the 
thicknesses which is two. The radius of the maximum amplitude location is around 2.78 for all 
























Figure 3-13 (a1), (b1) and (c1) are the first eigenmode for the membrane with thickness ratio 
a/t=100 and aspect ratio b/a=6 for different pre-strain  𝜀𝑟 = 0.0074%, 0.074% and 0.14% ; (a2), 
(b2) and (c2) are the out of plane displacements of the membrane in post-buckling analysis 
with aspect ratio of b/a=6 and thickness ratio a/t=100 under the shear strain 2𝜀𝑐𝑟 and different 
initial tensile strain. 
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When the pre tension is added by applying the radial displacement at the exterior edge, the 
number of wrinkles increases with the pre tensile strain. When the membrane is thick, for 
example a/t=50 or a/t=100, the number of wrinkles increases with the initial tensile strain as a 
stair step trend. When the membrane is very thin, the number of wrinkles increases almost 
linearly with the pre tensile strain increasing. Besides that, it is observed from the figure that for 
the thin membrane, it easily generates wrinkles under slight pre tensile strain. For example, 6 
wrinkles are generated in the thin membrane when the pre tensile strain at r=a is just 0.0069%. 
However, an pre tensile strain of around 2% which is almost 290 times of the pre tensile strain 
0.0069% is needed in order to generate the same number of wrinkles when the thickness is 
a/t=50 or a/t=100.  
The radius of the maximum amplitude location first decreases drastically with the increasing of 
pre tensile strain, and decreases moderately when the pre tensile strain  𝜀𝑟 at r=a is beyond 0.08%. 
For the thickness of a/t=50, the radius of the maximum amplitude location 𝑅𝑚𝑎𝑥/𝑎 decreases 
from 2.4 to 1.8 when the pre tensile strain increases from 0.0069% to 0.08%. The radius 
decreases slightly from 1.8 to 1.6 when the pre tensile strain increases from 0.08% to 0.2%. For 
the thickness a/t=100, the radius of the maximum wrinkle amplitude location 𝑅𝑚𝑎𝑥/𝑎 decreases 
from 2.2 to 1.6 when the pre tensile strain increases from 0.0069% to 0.08% and after which the 
radius decreases from 1.6 to 1.4. 𝑅𝑚𝑎𝑥/𝑎  decreases from 1.5 to 1.2 when the tensile strain 
increases from 0.0069% to 0.08% for the thinnest case. The value reaches a constant when the 
tensile strain is beyond 0.08%.  
As shown in Figure 3-14, when the membrane is thin, the maximum out of plane displacement 
𝑤𝑚𝑎𝑥/𝑎 doesn’t change with the pre tensile strain. For the thick membrane case, such as a/t=50,  
A/a ratio first increases from 0.025to 0.05 with pre tensile strain. A drop is observed because of 
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the occurrence of a new wrinkle. The amplitude is reduced to accommodate the generation of the 
new wrinkle. The amplitude continuously increases when the pre-tensile strain increased from 
0.08% to 0.13%. The possible drop in amplitude occurs due to the generation of new wrinkles 
when the tensile strain is 0.2%. For the thickness of a/t=100, the maximum out of plane 
displacement  𝑤𝑚𝑎𝑥/𝑎 changes from 0.02 to 0.026 when the pre-tensile strain at r=a increases 




































Figure 3-14 Pre tensile strain effect (a) number of wrinkles comparison; (b) radius of the 
maximum amplitude comparison; (c) maximum wrinkle amplitude comparison  
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x. Effect of membrane thickness 
Similarly, Figure 3-15 shows thickness effect for the radius aspect ratio b/a=6 and pre-tensile 
strain  𝜀𝑟=0.074% at r=a. Figure 3-15(a1),(b1) and (c1) show the first eigenmode when the 
thickness ratio is a/t=50, 100 and 400 respectively. Figure 3-15(a2), (b2) and (c2) shows the 
corresponding out of plane displacement in the post-buckling analysis when the applied angular 
displacement is twice of the critical value. As the thickness decreases, the number of wrinkles 
increases while the amplitude of wrinkles decreases. The reason for this tendency is the bending 
stiffness becomes small with decreasing thickness and the deformation mode is significantly 
affected by the bending stiffness.  
In order to understand how the thickness affects the results, more studies are performed and 
presented in Figure 3-16. Contrast to the outside boundary effect, the wrinkle amplitude, the 
radius of the maximum wrinkle amplitude location and the number of wrinkles are significantly 
influenced by the membrane thickness. In Figure 3-16(b), the radius of the maximum wrinkle 
amplitude location monotonically decreases as the thickness decreases while the number of 
wrinkles somewhat linearly increased as the thickness decreases as shown in Figure 3-16(a).  
These two results exhibit similar features as the pre-tensile strain effect. However, the maximum 
wrinkle amplitude in Figure 3-16(c) uniformly decreases as the membrane thickness increases 
while usually has weak dependence on the pre-tensile strain.  
In the same figure, the Poisson’s ratio effect is also compared. The number of wrinkles is the 
same for the material with Poisson’s ratio equals to 0.5 and 0.3. The radius of the maximum 
wrinkle amplitude location of the membrane with Poisson’s ratio 0.3 is slightly higher for the 
membrane with Poisson’s ratio 0.5 for the same thickness. Oppositely, the maximum wrinkle 
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amplitude of the membrane with Poisson’s ratio 0.5 is slightly higher than the material with 






































Figure 3-15 (a1), (b1) and (c1) are the first eigenmodes of the membrane with 0.074% pre-stretch 
and aspect ratio b/a=6 for different thickness ratio: a/t=50,100 and 400; (a2), (b2) and (c2) are the 
out of plane displacements in the post-buckling analysis of the membrane with the same aspect 
ratio b/a=6 and different thickness ratio of a/t=50,100 and 400 under the shear strain which is twice 


























Figure 3-16 Thickness effect (a) number of wrinkles comparison; (b) radius of the maximum 
wrinkle amplitude location comparison; (c) maximum wrinkle amplitude comparison 
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xi. Poisson’s ratio effect 
More insights on the Poisson’s ratio effect can be found in Figure 3-17, for the membrane with 
radius aspect ratio b/a=6, thickness aspect ratio a/t=100, pre-tensile strain 0.074%. The effects of 
Poisson’s ratio on the number of wrinkles, the maximum wrinkle amplitude and the radius of the 
maximum out of plane displacement location are compared. It is found that these features do not 
change with the Poisson’s ratio except that the wrinkle amplitude moderately increases as the 

































Figure 3-17 Poisson ratio effect (a) number of wrinkles comparison; (b) maximum wrinkle amplitude 




Wrinkles appear on the annular membrane when the membrane is stretched at the exterior edge 
and rotated at the inner edge. The finite element method was used to analyze membrane 
wrinkling conditions and wrinkling evolution in this chapter. The critical strain for the wrinkle 
onset was predicted by the eigenvalue buckling analysis. The critical strain was independent of 
the initial torsion strain applied before the linear perturbation step. It was found that the thin 
membrane was numerically less stable than the thick membrane, and required more attention in 
meshing, more numbers of elements, and careful selection of element type. Next, eigenmodes 
were used as the geometric imperfections for the post-buckling analysis. The wrinkle amplitude 
after wrinkle evolution was independent of the scale factors. The post-buckling results were 
sensitive to the imperfections when the single mode or the combinations of different modes were 
used. The computational time was also dependent on the wrinkle mode combination and the 
scale factors. Aside from that, the effect of stabilizing factor was also investigated. We found 
that the stabilizing factor used to reduce the energy dissipation had to be small but not too small. 
If it was too small it did not work. On the other hand it could not be too big, a big stabilizing 
factor induced a failed result.  
Another conclusion was that the results from both the eigenvalue analysis and post-buckling 
calculation depended on the geometry and the initial tensile displacement applied at the external 
edge. After normalization, the number of wrinkles n, the normalized maximum wrinkle 
amplitude wmax/a and the radius of the maximum wrinkle amplitude location Rmax/a can be 







,  𝜀𝑟 , 𝜈) (3-2) 
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Where b/a is the radius aspect ratio, a/t is the thickness aspect ratio,  𝜀𝑟 is the pre-tensile strain 
and 𝜈 is the Poisson’s ratio. 
The effects of these factors are summarized below: 
(a). For the membrane with fixed  𝜀𝑟 and 𝜈, n doesn’t depend on b/a for all the a/t ratios.  When  
a/t is small , wmax/a and Rmax/a  slightly increase by increasing b/a for the low b/a ratios but are 
independent of b/a if the ratio is further increased. wmax/a and Rmax/a are independent of b/a when 
a/t is big.  
(b). For the membrane with a fixed b/a and 𝜈, n increases linearly by increasing  𝜀𝑟 when the a/t 
was a big value, while the increasing is in a stair step trend if the a/t is small. By increasing 𝜀𝑟, 
the Rmax/a first drastically decreases and later on moderately decreases. wmax/a increases with  𝜀𝑟 
when a/t is small, and the value doesn’t change if a/t is big.  
(c). For the membrane with fixed b/a and  𝜀𝑟, n increases linearly with a/t for different 𝜈. Both 
wmax/a and Rmax/a monotonically decrease with a/t . 
(d). For the membrane with fixed b/a, a/t and  𝜀𝑟, there is no siginificant qualitative difference 
between different Poisson’s ratio.   
The above investigations show that, the spiral wrinkling patterns can be effectively controlled by 
changing the geometry or pre-tensile displacement at the external edge. For example, if a 
wrinkled surface with a lot of numbers of wrinkles is wanted, one may increase the pre-tensile 
displacement at the external edge. If the loading is not able to be adjusted, one can use thinner 




4 Analysis of the membrane wrinkling with semi-analytical 
approach 
 
4.1 A semi-analytical model 
A semi-analytical energy method is proposed in this part. Through this method, the critical 
condition for the buckling and the post-wrinkling behavior such as the amplitude of wrinkles, the 
radius of the wrinkled region and number of wrinkles can be systematically studied. Before this 
work, these properties are derived through numerical studies, experiment or numerically solving 
von-Karman equations and were just for certain combinations of parameter values.  This method 
allows us to conduct a stability analysis and derive a general formula for the critical strain at the 
wrinkle onset. The results from this method can also explain the sensitivity of the number of 
wrinkles, the phenomenon observed in finite element analysis. 
The geometric setting of the problem is the same as the one analyzed by the finite element 
method. Instead of applying pre tension to the exterior edge of the membrane, a clamped 
boundary condition is applied first in this semi-analytical approach. The reason for using the 
clamped boundary condition is that for an analytical approach, the initial shape can be assumed 
to be flat without pre-stretching and without any numerical or experimental difficulty. The 
tensile displacement will be added to the model after verifying the method is feasible. The model 
is an annular thin membrane of thickness t, exterior radius b and an inner radius a, as shown in 




Figure 4-1 Membrane Model for semi-analytical analysis  
 
4.2 Elastic solution of the flat membrane before buckling 
The membrane is stretched under a rotational displacement at the center. The stress state before 
buckling is calculated for the two purposes, first, to obtain the principal strain and principal 
directions. Secondly, to estimate the strain energy stored in the flat membrane. Assuming that the 
membrane is in a plane stress state and is axisymmetric, the strain-displacement relations for 























































= 0 (4-3) 
Elimination of 𝜏𝑟𝜃 in Equation (4-3) with strain-displacement Equation (4-1) and strain stress 







− 𝑢𝜃 = 0 (4-4) 
The general solution of the differential equation is 




The exterior edge is fixed and inner edge is under rotational displacement. The boundary 
conditions are taken to be: 
 𝑢𝜃(𝑎) = −𝑣0             𝑢𝜃(𝑏) = 0 (4-6) 
Apply the boundary conditions in Equation (4-6) to Equation (4-5), the displacement relation 
































Thus, the principal strains in 𝜉, 𝜂 directions are shown in equation (4-9), and the principal plane 
is 45
o


























Figure 4-2 Equilibrium stress state 
According to the above calculation, the membrane is under pure shear. ξ is in the principal 
compressive direction while 𝜂  is in the principal tensile direction. The stress field before 
buckling is noted on an element of the flat membrane in Figure 4-2. 
The strain energy of the flat membrane under rotation is: 
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∙ 𝐺 ∙ 𝛾𝑟𝜃
2 ∙ 𝑡 ∙ 𝑟𝑑𝑟𝑑𝜃 (4-11) 







Plug 𝛾𝑟𝜃 into strain energy equation: 










The strain energy for the pure shear flat membrane is: 














  𝑡 =
𝑡
𝑎





4.3 Shape function and strain 
Due to the difficulty in determining the exact post-buckling profile, the energy method is used 
here in order to get an approximate but simple solution, in order to reveal the dependence of the 
geometric parameters as explicitly as possible. The field associated with the flat membrane that 
was obtained in the previous section is always one equilibrium solution of the system. But as the 
load increases, the system may become unstable if the mechanical system has other equilibrium 
solutions that satisfy the same boundary conditions, and the associated deformation has less 
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strain energy. When the system is unstable, the membrane cannot remain flat and bending occurs. 
The total strain energy can be decomposed into stretching energy and bending energy. It is 
assumed that the membrane buckles in the compressive principal stress direction and keeps 
stretched in the principal tensile direction. After solving for the principal tensile stress line, the 
out of plane deformation may be assumed: 
 𝑤(𝑟, 𝜃) = 𝐴 sin 𝜋(
𝑟 − 𝑎
𝑅0 − 𝑎




Where the (r, θ) are the polar coordinates, A is an unknown amplitude, n the total number of 
wrinkles, 𝑅0 is the outer radius of the wrinkled region and a is the inner radius of the membrane 
model. The boundary condition is satisfied in the function. The first sine function depicts the 
deformation in the radial direction, when  𝑟 = 𝑎 , w=0 and 𝑟 = 𝑅0 , w=0. The second sine 
function describes the periodic behavior in the circumferential direction. The natural logarithm 
function represents the phase angle shift due to the direction change of the principal stress. The 
derivation of the second sine function is explained in the following. 
From the above principal strain analysis, when 𝑣0 is clockwise, we know that wrinkles mainly 
run in the direction of counterclockwise 45 degrees from the r axis. Buckling occurs in the 
compressive principal stress direction. Along the principal tensile stress direction,   













= 𝜃 − 𝜃0 (4-20) 
 𝜃 − 𝑙𝑛
𝑟(𝜃)
𝑎
= 𝜃0 (4-21) 
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where 𝑑𝑟 is a differential length along a principal stress (characteristic) line, 𝜃0 is the starting 








A contour plot of the shape function is shown in Figure 4-4(a). It indicates that the shape 
function predicted in Equation (4-17) appropriately depicts the out of plane displacement when 
compared to the numerical calculation result of the out of plane displacement contour plot in 




















Figure 4-3 Definition of shape function  
(a) 
(b) 






In order to compute the strain energy of the wrinkled membrane, a coordinate transformation 
needs to be executed for the wrinkles running in the major principal 𝜂 direction while buckling 
occurs in the minor principal 𝜉 direction. The directions are shown in Figure 4-4 (b). After the 
transformation, the membrane strain and curvature in the principal direction are written as: 














































































4.4 Strain energy for the wrinkled membrane 
The strain energy in a wrinkled thin plate includes the second-order strain due to the out of plane 
deflection. The membrane is modeled as a thin plate stretched in η direction and wrinkled in ξ 
direction. 












Where 𝜎𝜉  denotes the compressive stress in ξ direction and 𝜎𝜂  denotes the tensile stress in η 
















 𝜀𝜉 is the membrane strain in the ξ direction due to in-plane compressive strain plus the nonlinear 
strain due to wrinkling. Similarly, 𝜀𝜂 is the membrane strain in η direction due to in-plane tensile 























The stretching energy is calculated in terms of membrane stress and strain. The stretching energy 
is composed of strain energy density in two principal direction integrated for the whole wrinkling 
region 
 









































Plug equation (4-9) , (4-22) and (4-26) into equation (4-27), the stretching energy will end up 















































































2 ∙ 𝐼4} 
 
(4-28) 








































− 1) + 4?̅?2𝑛4𝜋 ∙
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2 ∙ 𝐼2 + ?̅?
2𝑛2𝜋 ∙
𝜋



















2 ∙ 𝐼2} 
(4-31) 
Strain energy in the unwrinkled region needs also be counted in by integration the strain energy 
density through the whole unwrinkled region: 







∙ 𝐺 ∙ 𝛾𝑟𝜃
2 ∙ 𝑡 ∙ 𝑟𝑑𝑟𝑑𝜃 (4-32) 
Strain energy in the unwrinkled region: 
















The total strain energy in the wrinkled membrane is: 
 𝑈 = 𝑈𝑏 + 𝑈𝑠 + 𝑈𝑢𝑛 (4-34) 
The total strain energy in the membrane takes the form 







































































































































. n is the number of wrinkles in the buckled membrane and 𝐼1 to 𝐼4 are the 
dimensionless integrals which are listed in the Appendix A. 
The strain energy in (4-35) is a function of n and several dimensionless geometric and loading 




, ?̅? =   
𝐴
𝑎










For a given problem, a, b, t, 𝑣0 are given. A, R0, n that gives the minimum or extreme strain 
energy corresponds to the equilibrium solution. 
We first assign an integer to n and look for the minimum energy corresponding to that specific n 
when A/a and 𝑅0/a are changing. Then we repeat the process for other values of n and record the 
corresponding minimum energy as a function of n, 𝑈min (n). After obtaining 𝑈min (n), we pick 
the final number of wrinkles as the n that corresponds to the eventual energy minimum, the 
minimum among minimum.  
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For example, Figure 4-5 shows 𝑈/𝑈0  as a function of 𝑅0 and ?̅? for n=5. When A/a=0, which 
means there is no wrinkle onset, the strain energy is equal to the strain energy in the flat 
membrane, the corresponding dimensionless energy 𝑈/𝑈0   equals to one. In the figure, the 
dimensionless energy reaches minimum when the normalized amplitude A/a equals to 0.026 and 
the normalized radius of the wrinkled region 𝑅0/a is equal to 3.65. Here the thickness aspect 
ratio is a/t=50 and the radius aspect ratio is b/a=6, and the Poisson’s ratio is set as 0.5. The 








Then we repeat the process for other n. For example, in Figure 5-9, the minimum energy 𝑈𝑚𝑖𝑛 
are calculated for n =0 to 30 under a 2% shearing strain at the edge of the annular membrane. For 
the membrane with thickness aspect ratio a/t=50, n=4 gives us the eventual minimal energy. It 
means there will be 4 winkles in the equilibrium state when the shearing strain is 2% and a/t=50. 
In conclusion, for a given membrane, its dimensions, inner radius a, thickness t, and outer radius 
b are all known. Material parameters such as Young’s modulus and Poisson’s ratio 𝜈  are fixed. 
Figure 4-5 The dimensionless complement energy profile with respect to A/a and 
R0/a (a) top view (b) side view 
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When a rotational displacement 𝑣0 is applied at the inner edge r=a, the dimensionless energy ?̅? 
can be written as a function of all the kinematically possible values of three dimensionless 
parameters, the radius of wrinkled region 𝑅0, dimensionless amplitude ?̅?, and the number of 
wrinkles n.  
 ?̅? = ℎ(𝑅0, ?̅?, 𝑛) (4-37) 
The most stable equilibrium state corresponds to the values of 𝑅0, ?̅?, and n that gives the minimal 
strain energy. The evolution of the membrane is always trying to minimize the strain energy. 
 
4.5 Modified shape function and pre-tensile strain 
Since the shape function given above just satisfies the deflection equals to zero at the boundaries 
of the wrinkled region, i.e. at r=a and r=𝑅0. A modified shape function that can not only satisfy 
the zero deflection boundary condition, but also the zero slopes at the boundary of the wrinkled 
region is needed. Based on this consideration, an improved shape function is proposed  
 
𝑤𝑚𝑜𝑑(𝑟, 𝜃) = 𝐴 ∙ 𝜑(𝑟, 𝜃)
= 𝐴 ∙ {sin[𝛼 ∙ (
𝑟 − 𝑎
𝑅0 − 𝑎
)] − 𝛼 ∙ (
𝑟 − 𝑎
𝑅0 − 𝑎
) ∙ cos 𝛼}





The construction of this function is based on the following procedures： 
The first part of the shape function describes the amplitude of the sinusoidal curve for a fixed r 





𝑅 (𝑟) = 𝐴 sin [𝛼 ∙ (
𝑟 − 𝑎
𝑅0 − 𝑎
)] + 𝐶1(𝑟 − 𝑎) (4-39) 
Which obviously satisfies the zero deflection condition at r=a. It also has to satisfy both 
conditions of zero displacement and zero slope when r equals to𝑅0.   
 
𝑤𝑚𝑜𝑑







∙ cos 𝛼 + 𝐶1 = 0 
(4-40) 
From Equation (4-40) , the following relation is derived. 
 𝐴 ∙ sin 𝛼 − 𝐴 ∙ 𝛼 ∙ cos 𝛼 = 0 (4-41) 
The parameter 𝛼 is obtained: 
 tan𝛼 = 𝛼,     𝛼=4.493409457909064 (4-42) 
 
Figure 4-6 Original shape function and modified shape function plot with respect to r/a with 
parameters A=1, 𝑅0=3 
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It is shown in Figure 4-6 that at the external boundary of the wrinkled zone, the modified shape 
function satisfies both rotation equals to zero and deflection equals to zero while the original 
shape function just satisfy the deflection boundary condition. In addition, the location where the 
maximum displacement takes place and the radius of the wrinkled region can be derived by 
setting the first derivative of  𝑤𝑚𝑜𝑑
𝑅 (𝑟) equals to zero. 
 𝑤𝑚𝑜𝑑
𝑅 (𝑟) = 𝐴 ∙ {sin[𝛼 ∙ (
𝑟 − 𝑎
𝑅0 − 𝑎
)] − 𝛼 ∙ (
𝑟 − 𝑎
𝑅0 − 𝑎















∙ cos 𝛼} = 0 (4-44) 
 
 cos [𝛼 ∙ (
𝑟 − 𝑎
𝑅0 − 𝑎
)] = cos 𝛼 (4-45) 
 
Assume 𝑋 = 𝛼 ∙ (
𝑟−𝑎
𝑅0−𝑎
), Thus equation (4-45) can be written as 
 cos 𝑋 = cos 𝛼 (4-46) 
 
Plot the two functions y = cos 𝑋 and  y = cos 𝛼 in Figure 4-7. There are two intersection points 
between the two functions. The first one happens when r=𝑅𝑚𝑎𝑥  which corresponds to the 
location of the maximum amplitude. The second one corresponds to the radius of the wrinkled 
region r=𝑅0. For the two red short lines indicated in the graph have the equal distances. One may 











𝑋𝑚 is estimated as  
 𝛼 ∙ (
𝑅𝑚𝑎𝑥 − 𝑎
𝑅0 − 𝑎








≈ 0.4 (4-49) 
 
The radius of the location of the maximum amplitude happens at 
 𝑅𝑚𝑎𝑥̅̅ ̅̅ ̅̅ ̅ ≈ 0.4𝑅0̅̅ ̅ + 0.6 (4-50) 
 
The maximum amplitude is obtained too  
 𝐴𝑚𝑎𝑥 = 𝐴 ∙ {sin(𝑋𝑚) − 𝑋𝑚 ∙ cos 𝛼} ≈ 1.37𝐴 (4-51) 
 
Figure 4-7 Plot of function y=cos(X) and y=cos(α) 
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Next, the tensile strain will be added into the existing strain terms. Again follow the same 
procedure as explained in section 4.2, the elastic solution is obtained for a flat membrane with 
the radial displacement 𝑢0 applied at the external edge.  
The strain in the radial direction 𝜀𝑟
′ and strain in the circumferential direction 𝜀𝜃








































cos 2𝜃 + 𝜀𝑟𝜃











cos 2𝜃 − 𝜀𝑟𝜃







sin 2𝜃 + 𝜀𝑟𝜃
′ cos 2𝜃 
 
(4-53) 
transform strains into the 𝜉 − 𝜂 coordinates with  𝜃 = 45°,  
 






















































































































































































It can be proved that out of plane displacement proposed by the modified shape function does not 
change 𝛾𝑟𝜃 at r=𝑅0, consequently, the elastic field in the non-wrinkled zone is unchanged. The 






































The strain energy in the flat membrane due to tensile displacement 𝑢0  and rotational 
displacement 𝑣0: 
 𝑈0_𝑚𝑜𝑑 =




















Energy due to shear strain in -system caused by tension 𝑢0 
 𝑈𝑠ℎ𝑒𝑎𝑟 =









Total energy in the wrinkled membrane: 
 𝑈𝑡𝑜𝑡𝑎𝑙_𝑚𝑜𝑑 = 𝑈𝑚𝑜𝑑 + 𝑈𝑢𝑛_𝑚𝑜𝑑 + 𝑈𝑠ℎ𝑒𝑎𝑟 (4-60) 
Total energy in the flat membrane: 
 𝑈0_𝑚𝑜𝑑 = 𝑈0_𝑚𝑜𝑑 + 𝑈𝑠ℎ𝑒𝑎𝑟 (4-61) 
 
The energy terms with modified shape function and tensile strain are recalculated. This time, the 
explicit form is not shown here because it will end up with more than fifty terms when 
calculating the derivatives of the modified shape function. In the calculation, the derivative and 
integration both are done numerically.  
 
4.6 Parametric study from the energy profile 
i. Effect of shear strain at inner edge 
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Now we can estimate the number of wrinkles generated under any given strain that passes the 
critical value. In Figure 4-8, the number of wrinkles is plotted against the strain variation for 
three membranes with different thicknesses. It is observed that the thinner the membrane, the 
easier for the wrinkles to form. When a/t=50, there are 4 wrinkles as the shear strain increases 
from 2% to 3.5% and when the shear strain reaches 4%, the number of wrinkles increases to 5 
and further increases to 6 when the strain reaches 9%. When a/t=100, there are 6 wrinkles 
formed when the shear strain is between 2% and 3%. A new wrinkle is added when the strain 
passes 3% and another one is formed when the strain is bigger than 7%. When a/t=400, which is 
the thinnest one. The number of wrinkles formed is more than the other two cases. The square 
dots in the figure represent this case. The results doesn’t increase uniformly as the thick cases. 
The reason will be explained in the next chapter. However, it is observed in the experiment did 
Figure 4-8 The dependence of number of wrinkles n on the shearing strain 𝜀𝑟𝜃  at the center 
of the circular membrane for different thickness when 𝑏 = 6 , 𝜀𝑟 = 0.074% at r=a. 
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by Wang that the number of wrinkles doesn’t change when the shear strain increases.
[71]
 The 
discrepancy will be explored in next chapter. 
Once the number of wrinkles n is determined, we go back to the recorded values of A/a and R0/a 
that gives the minimal energy at the given n. Thus we have the values for amplitude and the size 
of the wrinkled zone that corresponding to the eventual minimal strain energy for the given 
geometry and applied shear strain. The ultimate minimal strain energy is associated with the 
most stable equilibrium state. In Figure 4-9, the amplitude of wrinkles is plotted versus to the 
shear strain at the inner edge. From Figure 4-9, it is seen that when the thickness ratio is a/t=50, 
the amplitude of wrinkles increases as the shear strain increasing from 2% to 3.5%. Then there is 
a significant drop at the 6% strain, because a new wrinkle is formed at this strain. Another drop 
occurred at 9.5%. The similar phenomenon occurs for the membrane with the thickness ratio 
a/t=100 when the strain is increased to 3.5% and 7%. For the thinnest membrane among these 
Figure 4-9 Wrinkle amplitude variation with respect to the shear strain 𝜀𝑟𝜃 applied at the center 




three cases a/t=400, the amplitudes are almost the same when the strain increases. 
In Figure 4-10, the variation in the radius of the wrinkled region R0 is plotted against the shear 
strain at the inner boundary of the annulus. The horizontal axis records the nominal shear strain 
at the inner edge r=a for the flat membrane, and the vertical one is the radius of the wrinkled 
region.  
When the membrane becomes unstable, the zone close to the inner edge, a<r<𝑅0 forms wrinkles. 
For the zone 𝑅0<r<b, the membrane is flat. From the results in Figure 4-10, it is easy to find that 
when the thickness ratio equals to a/t=50, the radius of the wrinkled region decreases as strain 
increasing. For the membrane with thickness ratio of a/t=100 and a/t=400, the radius of the 











Figure 4-10 The dependence of the radius of the wrinkled region on shearing strain 




ii. Effect of outside boundary 
In this section, the post-buckling studies on the effect of external boundary are performed 
through the energy method. The initial tensile strain at r=a is 0.074% for the cases discussed here. 
In order to apply the same initial tensile strain at the inner radius of the membrane, the 
corresponding tensile displacement is calculated as the first step. After the initial tensile 
displacement is obtained, the number of wrinkles corresponding to the minimized energy is 
calculated as the radius aspect ratio b/a changes. In Figure 4-11, the number of wrinkles is 
calculated for three different thicknesses. The results for the thick cases are the same as the FEM 
results. The number of wrinkles is 4 and 5 respectively for the thickness a/t=50 and 100. For the 
thin case, the number of wrinkles is between 11 or 12 which is slightly deviated from the FEM 
result. The reason will be explained in the next chapter.  
Figure 4-11 Post-buckling study through the energy method on Number of wrinkles 
comparison for three different thicknesses when the radius aspect ratio b/a changes  
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After the number of wrinkles is obtained, the amplitude of the wrinkles and the radius of the 
wrinkled region are calculated. It is found that the amplitude and the radius region remain the 
same as the radius aspect ratio increasing. Figure 4-12 and Figure 4-13 exhibit this phenomenon. 
This is slightly in different from the FEM results especially for the lower radius ratio. 











iii. Effect of pre tensile strain 
As discussed in chapter 3.4 vi, the initial tensile strain at the inner edge due to the initial tensile 
displacement applied at the exterior edge plays a significant role. In this section, the initial 
tensile strain effect is investigated again through the energy approach. The radius aspect ratio for 
the cases discussed here is 6. The applied displacement at the inner edge is twice of the critical 
value. The number of wrinkles increases with the increase of initial tensile strain as shown in  
Figure 4-14. When the membrane is comparatively thin (a/t=400), the number of wrinkles firstly 
increases as a linear trend and gradually reaches a constant value 14 or 15 when the strain is 
bigger than 0.12%.  When the membrane is thick, it is observed in Figure 4-14 that the number 
of wrinkles increases in a stair step trend. The width of the step is short when the initial tensile 
strain is small and becomes longer as the initial tensile strain increases.  




The dependence of amplitude A/a on the initial tensile strain can be found in Figure 4-15. It is 
seen that the amplitude is larger for the thicker membrane. The obvious drops are observed for 
the thick cases due to the occurrences of new wrinkles. The wrinkle amplitude almost doesn’t 
change with the initial tensile strain for the thin cases. The radius of the wrinkled region 
decreases drastically when the pre tensile strain is lower than 0.08%. After which the decreasing 
is moderately. While the radius of the wrinkled region experiences a drop when the strain is 
increased from 0.0068% to 0.03%, the radius reaches a constant value if the initial tensile strain 
is above 0.03%. The similar results have been obtained in the previous section chapter 3.4vi. The 
advantage of the study by the analytical method proposed here is that it can provide more results 
at a time and it can also show the energies and post-buckling parameters for all the other 
kinematically admissible modes, which don’t have to be the global energy minimum. At the 
same time, because of very few degrees of freedom used and almost explicit expressions step by 
Figure 4-14 Number of wrinkles comparison as the initial tensile strain at r=a increases for 
the membrane with radius aspect ratio b/a=6. 
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step, the effect of each controlling parameter can be studied as a whole comparing to the study in 
















Figure 4-15 Amplitude of the wrinkles comparison as the initial tensile strain at r=a 
increases for the membrane with radius aspect ratio b/a=6. 
Figure 4-16 Radius of the wrinkled region comparison with the initial tensile strain at 
r=a increases when the radius aspect ratio is 6.  
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iv. Effect of thickness 
In this part, the thickness effect is studied by the energy approach. The radius aspect ratio is 
b/a=6 for all the cases. The pre-tensile strain applied at the inner edge is 0.074%. The angular 
displacement applied at the inner edge is twice of the critical value. The number of wrinkles 
increases as the thickness of the membrane decreases, as shown in Figure 4-17. The amplitude 
and the radius of the wrinkled zone decrease with the decrease of thickness, as shown in Figure 
4-18 and Figure 4-19 respectively.  
The overall trend of the variation agrees with the FEM results. Except that the number of 






























Figure 4-19 Thickness effect on the radius of the wrinkled zone. 




In this chapter, an analytical method based on the minimization of the total energy in the buckled 
membrane was proposed for a circular membrane which is subjected to torsion in the center 
region. The external boundary was fixed in the beginning and a shape function which can depict 
the out of plane displacement of the spiral wrinkles was introduced. For a fixed number of 
wrinkles, any amplitude and radius of the wrinkled region that make the energy as the global 
minimum was chosen as the amplitude and the radius of the wrinkled region in the equilibrium 
state. It was proved that the method is feasible in finding the corresponding amplitude and 
wrinkled region for a given set of geometric parameters and load. Later on, the tensile strain due 
to the tensile displacement at the external edge is added to the model and the shape function is 
further improved to satisfy both the conditions that give the smooth transition from the wrinkled 
region to the non-wrinkled region.  
The parametric studies based on the minimization of the energy were performed to investigate 
the effect of geometric parameters and loading conditions of the post-buckling behaviors. The 
number of wrinkles didn’t change with b/a but increased by increasing  𝜀𝑟 or a/t. The wrinkle 
amplitude and radius of the wrinkled region didn’t change with b/a increasing but both of which 
monotonically decreased with a/t increasing. The wrinkle amplitude increased with 𝜀𝑟  , 
nevertheless, a drop was observed if a new wrinkle was added for the thicker membranes. For the 
thin membrane cases, the wrinkle amplitude moderately increased with𝜀𝑟 . The radius of the 
wrinkled region drastically decreased by increasing 𝜀𝑟  when 𝜀𝑟  was small and moderately 
decreased by further increasing 𝜀𝑟. The number of wrinkles was mainly determined in the critical 
state, after that, it did not change with the increasing of shear strain. 
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The overall trends of the results agreed with the FEM results. But the advantage of the analytical 
study was obvious in that it can study the post-buckling behavior systematically and efficiently. 
There were some discrepancies. The further direct comparison and discussion will be presented 























5 Results and Comparison 
 
5.1 Stability analysis 
To find the critical strain beyond which the membrane starts to form wrinkles, a stability analysis 
may be performed. Re-organizing the strain energy function in (4-60) to extract the ?̅?2 terms and 
?̅?4 terms respectively and equation (5-1) can be re-written as: 
 
𝑈𝑡𝑜𝑡𝑎𝑙_𝑚𝑜𝑑 =



























































































































































































The first three terms of the above equation are independent of ?̅?, and corresponds to the strain 
energy of the totally flat membrane, which can be treated as the reference state. If the flat 
membrane is unstable, we know that there exists certain values of ?̅?, 𝑅0̅̅ ̅ and n to make the total 
energy lower than the first three terms. From the flat state, we image a small perturbation of 
amplitude ?̅?. Since the wrinkle amplitude ?̅? is small, ?̅?2 ≫ ?̅?4 . When the coefficient of ?̅?2 is 
positive, any small perturbation of amplitude ?̅? increases strain energy so the flat membrane is 
stable. When the coefficient of ?̅?2 is negative, then any small perturbation decreases the strain 
energy so the flat membrane is unstable. At the critical point, the coefficient of  ?̅?2 is zero, so we 
look for the smallest 𝑣0̅̅ ̅ that makes that possible.  



































































































] r̅dr̅dθ = 0 
 
(5-2) 


















































































































And the corresponding shear strain at r=a is 
 
𝜀𝑟𝜃(𝑟 = 𝑎) =
1
𝐸𝑡̅𝑎3



































































































Equation (5-4) can be re-written in a more succinct form , 
 
𝜀𝑟𝜃(𝑟 = 𝑎) = −
𝑡̅2
24(1 − 𝜈)𝐻1(𝑛, R0̅̅̅̅ )
[(1 + 𝜈)𝐻2(𝑛, R0̅̅̅̅ )
+ (1 − 𝜈)𝐻3(𝑛, R0̅̅̅̅ )] −
(1 + 𝜈)𝐻𝑡𝑒𝑛𝑠𝑖𝑜𝑛(𝑛, R0̅̅̅̅ )

















































































𝐻𝑡𝑒𝑛𝑠𝑖𝑜𝑛(𝑛, R0̅̅̅̅ ) =

















This strain expression above is a function of two variables, the number of wrinkles n and the size 
of the wrinkled region 𝑅0̅̅ ̅ . For any geometrically admissible n and 𝑅0̅̅ ̅, the corresponding 𝜀𝑟𝜃 
above makes the coefficient of ?̅?2 vanish. For certain n, we look for the value of  𝑅0̅̅ ̅ that makes 
the above strain minimum. The corresponding strain is then the critical strain for that mode of n-
wrinkle. Comparing the critical strains for all the possible modes, the lowest one is the real 
critical strain in practical application, because when the membrane is loaded from initial state, it 
first reaches the lowest critical strain. It is highly possible that the mode corresponding to the 
lowest critical strain may not be the mode that gives the global minimum energy as we found in 
Chapter 4. The significance of the lowest critical mode will be discussed later. 
For the membrane without pre-tensile strain, the last terms in Equation (5-6) vanishes. It can be 
proved that the expression (5-5) monotonically decays as 𝑅0̅̅ ̅ increases, the minimum of the shear 
strain in equation (5-5) can only occur at 𝑅0̅̅ ̅=?̅?, meaning the wrinkled zone covers the whole 
membrane in the corresponding eigenmode. For this case, 𝑅0̅̅ ̅  may be replaced by ?̅? in order to 
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find the smallest 𝜀𝑟𝜃  and the corresponding n. Next, we explore the dependence on n. From 
Figure 5-1, among all the minimum strains at 𝑅0̅̅ ̅=?̅?, the shearing strain 𝜀𝑟𝜃 is the lowest value 
when n=2. For most the membrane that wrinkling is an issue, b/a>3, we can prove that the lowest 
critical strain occurs when n=2 and 𝑅0 =?̅? . Hence the critical strain for the membrane without 
tensile strain is derived in equation (5-7). 
 𝜀𝑐𝑟 = −
𝑡̅2
24(1 − 𝜈)






















Figure 5-1  Shear strain 𝜀𝑟𝜃 variation for different n when 𝑅0 changes from 1to 6 with 
tensile strain 𝜀𝑟=0 at r=a, thickness a/t=50, radius aspect ratio b/a=6 
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The result is verified with the eigenmode calculated with FEM shown in Figure 5-2. When the 
tensile strain is zero, there are two wrinkles and the wrinkles are extended to the external 








5.2 Number of wrinkles and the wrinkle region in the eigenmodes 
Next, we will prove that for each n, when the shear strain in Equation (5-5) is the minimum, the 
corresponding 𝑅0̅̅ ̅ value is the wrinkled region in the eigenmode. In addition, we will also prove 
that the n corresponding to the minimal shear strain is the number of wrinkles in the first pair of 
eigenmodes in the eigenvalue buckling analysis in FEM. (The same pair of eigenmodes are 
essentially the same, having the same number of wrinkles and only differ by a phase shift.) The n 
corresponding to the second minimal shear strain is the number of wrinkles in the second pair of 
eigenmodes and so on.  
 For the membrane with tension, we did a similar plot as Figure 5-1 for different n when 𝑅0̅̅ ̅ 
changes from 1 to ?̅?. The plot in Figure 5-3 corresponds to the case of b/a=6, a/t=100 and  
Figure 5-2 First eigenmode for the membrane with b/a=6, a/t=50, 𝜀𝑟=0 at r=a. 
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𝜀𝑟 =0.074% at r=a. The minimal shear strain happens when n=5 and 𝑅0 =2.5. In the first 
eigenmode listed in Table 5-1 calculated from FEM, one can find that the number of winkles is 
also 5 and the wrinkled region 𝑅0 is also approximately 2.5, both of which agree well with the 
results calculated from the analytical solution.  Furthermore, in Figure 5-3, the curve for n=6 
gives the next lowest shear strain which agrees with the third mode (the second pair) in Table 5-1. 
The third minimal shear strain in Figure 5-3 occurs at n=4 which is the same as the fifth mode in 
Table 5-1 (third pair) and so on.  
 
 
Figure 5-3 Shear strain 𝜀𝑟𝜃 variation for different n when 𝑅0 changes from 1to 6 with the 
tensile strain 𝜀𝑟=0.074%, thickness a/t=100, radius aspect ratio b/a=6 
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Table 5-1 Eigenmodes in the linear perturbation procedure for membrane with tensile 

















   
 
Similarly, in Figure 5-4, for the membrane with geometry of b/a=6, a/t=50 and pre-tensile strain 
𝜀𝑟=0.074% at r=a, one can find that the lowest shear strains for n=3 and n=4 are very close, 
corresponding to the first and third eigenmodes in Table 5-2. The third minimum in Figure 5-4 


























Table 5-2  Eigenmodes in the linear perturbation procedure for membrane with tensile 
















   
Figure 5-4 Shear strain 𝜀𝑟𝜃 variation for different n when 𝑅0 changes from 1to 6 with 




According to the above analysis, it is convinced that the shear strain derived from the analytical 
solution can predict the number of wrinkles n and wrinkled region 𝑅0 in the eigenmodes. Now 
recall the convergence study in chapter 3, for the very thin membrane which is the case of 
a/t=400. The number of wrinkles in the first critical mode is numerically sensitive to the number 
of elements (Table 3-3). The reason for the variation can be explained from the minimal shear 
strain as well. Figure 5-5 is the shear strain plot for the membrane of thickness a/t=400. The 
minimal shear strain for different n is so close that it’s almost impossible to distinguish which n 
corresponds to the overall minimum shear strain even though a relatively zoomed scale was used 
in the vertical axis. Thus it’s understandable that the number of wrinkles reported from FEM for 
the first eigenmode changes under a tiny perturbation such as the element type, number of 
Figure 5-5 Shear strain 𝜀𝑟𝜃 variation for different n when 𝑅0 changes from 1to 6 with 




elements or the pre tensile strain. From Figure 5-5, the corresponding critical shear strains for 
n=11, n=12, and n=13 are almost identical, and n=14 and n=16 are also close. That’s why the 
numerical solution has such sensitive results. One may plot the minimum strain energy for 
different n as illustrated as the red diamonds in Figure 5-6, where the strain energy is almost flat 











5.3 Tensile strain effect 
i. Number of wrinkles in the lowest critical state. 
In this section, the effect of the tensile strain in the critical condition is compared between the 
FEM and the analytical solution proposed. The radius aspect ratio in the cases discussed here is 
Figure 5-6 Non-dimensional minimum energy with respect different number of 
wrinkles when a/t=400, the shear strain at the inner edge is twice of the critical strain. 
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b/a=6.  In Figure 5-7, the dependence of the number of wrinkles in the lowest critical mode on 
the tensile strain is compared for the three different thicknesses. For the thick ones, the two 
methods matched for the most of the tensile strain cases. For the thinnest one, the results from 
FEM are above the analytical solution for most of the cases. As explained in the last section, the 
mismatch is due to the closeness of the critical strain for the first few eigenmodes, which 
correspond to different n. The overall trends given by the two methods agreed well.  
Another conclusion that can be derived in this plot is the number of wrinkles in the critical mode 
is 2 for all the thicknesses when there is no tensile strain added. The number of wrinkles 
increases as the tensile strain increases. Thus the effect of pre-tensile strain on number of 
wrinkles is clear. Without it, the wrinkling of the membrane prefers a lower number of wrinkles, 
higher amplitude and larger wrinkled zone. The pre-tensile strain suppresses the high amplitude 
mode with the large energy penalty, thus giving more wrinkles with smaller amplitude and 
smaller wrinkled zone.  
ii. Critical strain 
The dependence of the lowest critical strain on the pre-tensile strain is compared in Figure 5-8. 
The critical strain in the analytical solution was the minimum shear strain among the curves for 
all n. The critical strain calculated with FEM in section 3.2 corresponds to the eigenvalue of the 
lowest eigenmode. For each thickness, the critical strain agreed well between the two methods 
when the tensile strain was added. The critical strain increases as the tensile strain increases, 
















Figure 5-7 Number of wrinkles in the critical mode comparison between analytical 
solution and FEM for different pre tensile strain 
Figure 5-8 Critical strain comparison between analytical solution and FEM for 
different pre tensile strain 
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5.4 Post-buckling analysis 
i. Number of wrinkles from global energy minimum 
In Chapter 4, any given n, R0 and A can be found such that the strain energy is the minimum. 
In Figure 5-9, the normalized minimum energy is plotted with respect to the number of wrinkles 
n for three thicknesses. 𝑈𝑚𝑖𝑛 is the minimum energy when the shear strain is 1.3% at the inner 
edge. The minimum energy 𝑈𝑚𝑖𝑛  is normalized by the strain energy  𝑈0 . When there is no 
wrinkle (n=0), the calculated minimum energy is equal to the strain energy of the flat membrane. 
As soon as the wrinkle occurs, 𝑈𝑚𝑖𝑛 is smaller than 𝑈0 such that 𝑈𝑚𝑖𝑛/ 𝑈0 is smaller than 1. The 
lowest 𝑈𝑚𝑖𝑛/ 𝑈0 correspond to the number of wrinkles in the equilibrium state. From the result 
we could see for the structural scale of a/t=400, the possible number of wrinkles of the 
equilibrium state ranges from 8 to 18, which indicates that under a certain small perturbation, 
any number of wrinkles among these values could be formed in the membrane. From finite 
element analysis, we observed the number of wrinkles is influenced by some parameters such as 
mesh size, initial tensile strain or element type. The unstable result could be explained from the 
curve in Figure 5-9, too. For the thickness ratio of a/t=50, under comparable initial tensile strain, 
3 or 4 wrinkles may form under torsion. For the thickness ratio of a/t=100, either 4 or 5 or 6 
wrinkles may form on the membrane under comparable initial tensile strain. For the thickness 
ratio of a/t=400, there are many possible number of wrinkles, because the energy is very close 

















However, the energy profiles in Figure 5-9 are only for the integer number of wrinkles.  What is 
the strain energy for a surface profile that is in the transition from one mode to the other?  Is 
there an energy barrier between different modes? 
ii. Evolution path and energy barrier 
Recall the results in Section 3.4(iv) on the dependence of post-buckling profile on the 
imperfection. The number of wrinkles in the post-buckling membrane is 4 or 5 when the 
membrane thickness a/t=100 and b/a=6.  It is found from energy profile in Chapter 4 that 4 or 5 
wrinkles correspond to the energy minimum state (two states are very close).  Back in Section 
3.4(iv), when 4 wrinkles are seeded as the initial imperfection, the final number of wrinkles in 
Figure 5-9 Non dimensional minimum strain energy for different 
thickness with respect to different number of wrinkles. 
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the stable state would be 4 after evolution. However, if 6 wrinkles are seeded as the initial 
imperfection, the final stable number of wrinkles would be 6, which does not correspond to the 
global energy minimum. The results indicate that there might be energy barriers between the 
different modes of integer number of wrinkles, which is schematically sketched in Figure 5-10.  
According to the calculations in Section 3.4(iv), the post-buckling profile depends on the initial 
imperfection.  However, even for the artificial selection of the unlikely combination of different 
modes, most the post-buckling profiles evolve to the number of wrinkles same as the first 
eigenmode that has the lowest critical shear strain, instead of the mode with the global minimum 
strain energy.   To make a direct comparison between the FEM and the analytical approach, we 
assume here that for an initially almost flat and uniform membrane with small random 
imperfections, the number of wrinkles in the final post-buckling profiles follows the evolution of 





Consequently, the post-buckling analysis in the analytical method should also be modified.  
Instead of finding the n that gives the global energy minimum, we choose n that corresponds to 
the lowest critical strain, as illustrated in Figure 5-3, Figure 5-4 and Figure 5-5. 
 
 
n = 4 n = 5 n= 6 n = 7 
Figure 5-10 Schematic sketch of the energy barrier. 
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iii. Post-buckling comparison 
The post-buckling analysis results from the FEM and the energy method are compared in this 
section. The number of wrinkles, the radius of the maximum amplitude location and the 
maximum amplitude are compared respectively in Figure 5-11 , Figure 5-12 and Figure 5-13. 
The radius aspect ratio is b/a=6. The angular displacement applied at the inner edge is twice of 
the lowest critical value.  
First of all, the number of wrinkles is compared (if both chose lowest mode, the comparison has 
been done in the last section).  The number of wrinkles from the global energy minimum is also 
shown here, you can compare three here, two from lowest modes and one from global energy 
minimum to show the difference. The number of wrinkles calculated with the energy method is 
to find the number of wrinkles corresponding to the minimum energy. Recall the discussion in 
Chapter 4, n is first assigned to calculate the total strain energy which is a function of A and 𝑅0. 
The A and 𝑅0 value is recorded as the amplitude and the radius of the wrinkled region in the 
equilibrium state. The corresponding minimum energy is also recorded for each n. By comparing 
the minimum energy for different n, the new minimum energy is found and the n is recorded as 
the number of wrinkles in the equilibrium state. In FEM, the number of wrinkles is the same as 
the number of wrinkles in the lowest eigenmode. Figure 5-11 shows the comparison between the 
two methods. When the membrane is thick, the results between the two methods agreed pretty 
well. When the membrane is thin, the two methods agreed well in the low tension cases, when 
the initial tensile strain is above 0.05%, the number of wrinkles calculated in FEM is higher than 












Although the radius of the wrinkled region 𝑅0 calculated with the energy method is a definite 
value, it is ambiguous in FEM. For the purpose of accuracy and direct comparison, the radius of 
the maximum wrinkle amplitude location is compared instead. As the calculation performed in 
Chapter 4, the radius of the maximum wrinkle amplitude location is calculated with the 
formula 𝑅𝑚𝑎𝑥̅̅ ̅̅ ̅̅ ̅ = 0.4𝑅0̅̅ ̅ + 0.6. While the radius of the maximum wrinkle amplitude is easily 
found in FEM. Figure 5-12 exhibits the results. It is found the result between the two methods 
were very close for all the thicknesses. The result obtained through the energy method is slightly 
higher than the FEM results.  
 
Figure 5-11 Number of wrinkles in the post-buckling analysis comparison between the 














Next, the maximum wrinkle amplitude is compared in Figure 5-13. The maximum wrinkle 
amplitude calculated with the energy method is by the relation 𝑤𝑚𝑎𝑥 = 1.37𝐴. 𝐴 is the prefactor 
in the expression of out-of-plane displacement. The maximum wrinkle amplitude in FEM is the 
maximum out of plane displacement. It is found in Figure 5-13 that the amplitude calculated in 
FEM is consistently higher than ones calculated from the energy method. The average of the 




Figure 5-12  Radius of the maximum wrinkle amplitude location in the post-
buckling analysis comparison between energy method and FEM with different 













The amplitude prediction from FEM does not agreed well with analytic prediction.  Since the 
critical strain, number of wrinkles in the critical state and number of wrinkles in the post-
buckling, radius of the maximum wrinkle amplitude all agree well between the two methods. The 
relatively large difference in maximum amplitude between the two methods is not what we 
expected. After a carefully examination, including the self-consistency check etc. The 





 both numerically solved the von-Karman equation and obtained the eigenvalues. Wang 
claimed their results agreed with Coman’s, but they only provided limited discrete results in their 
work. For the critical load, their results do not match what we obtained here.  Since in our work, 
the results from the two different methods agree so well, we believe our results are more reliable. 
Figure 5-13  Maximum wrinkle amplitude in the post-buckling analysis 
comparison between the energy method and FEM with different initial tensile strain 
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Except for the amplitude, all the other quantities we compared and have interest are pretty much 
determined in the critical state which corresponding to very small perturbation.  The discrepancy 
in amplitude could be possibly due to the higher nonlinearly in the post-buckling profile, and the 
limitation of the Kirchhoff plate theory.  For example, even only consider up to ?̅?4 in energy 
expression of Equation (5-1), higher order term is needed in the strain expression Equation (4-26) 
in Kirchhoff plate theory. Wang also did experiment and claimed their analytical solution agreed 
with the experiment,
[71]
 but he just provided only one experiment data in the paper. Besides that, 
the shear strain they used is twice of the critical strain they calculated, which is quite different 
from critical strain we predicted. Thus, the comparison with their experiment is not possible. 
 
5.5 Poisson’s ratio effect 
The critical strain for two membranes with same thickness ratio a/t=100 and radius ratio b/a=6 
but different Poisson’s ratio are calculated. The results are compared with the FEM results in 
Figure 5-14. The critical strain almost doesn’t change with the change of Poisson’s ratio. Two 
shape functions and effect of tension are also compared at the same time. Two shape functions 
give slightly different results in Figure 5-14(a) when the tension is not added. The blue line was 
the result using the modified shape function while the red line was the result with the original 
shape function. The analytical results were below the results calculated with FEM. It is clearly 
seen that the critical strain calculated with the modified shape function is getting closer to the 
FEM results. Figure 5-14(b) is the results with pre tensile strain. When the pre tensile strain is 
added, the analytical prediction of critical strain and the results in FEM are almost the same no 











5.6 Thickness effect 
The exact dependence of t/a in Equation (5-5) can be verified by the FEM in Figure 5-15. The 
radius aspect ratio in this plot is b/a=6 and the pre tensile strain is 0.074% in Figure 5-15(b). 
When there was no tension added, the critical strain depends on the second power of thickness as 
shown in the graph Figure 5-15(a). This relation is exactly the same as shown in Equation (5-7). 
The FEM results are slightly higher than the analytical results. When the tension is added, the 
FEM results and the analytical results agreed with each other but not in a quadratic relation any 




Figure 5-14 Critical strain and Poisson's ratio relation (a) without tension (b) when the 













In this chapter, the analytical solution based on the energy method was compared with the FEM 
results. The stability analysis for the critical strain calculation was especially studied for the 
different thicknesses, Poisson’s ratio and pre-tensile strain. The formulas for the critical strain 
calculation were derived for both the membrane with tensile strain and without tensile strain. The 
analytical result can also be used to explain the sensitivity of the number of wrinkles on various 
parameters and the imperfection sensitivity. The specific outcomes from this chapter are listed 
below: 
(1) The shear strain 𝜀𝑟𝜃  derived from stability analysis can be written as a function of 
number of wrinkles n and 𝑅0. The n, corresponding to the minimum 𝜀𝑟𝜃, was the number 
of wrinkles in the first eigenmode. The n, corresponding to the second minimum 𝜀𝑟𝜃, was 
the number of wrinkles in the second eigenmode and so on. This result can be used to 
Figure 5-15 Dependence of critical strain on the thickness aspect ratio a/t for different Poisson’s 
ratio v=0.3 and v=0.5. The solid lines indicate the result of semi-analytical energy method. And 






explain the sensitivity of the number of wrinkles for the thin membrane case in the 
eigenmode.  
(2) The number of wrinkles and the critical strain was compared between the energy method 
and FEM by changing the pre-tensile strain. A good agreement was found between the 
two methods when comparing the number of wrinkles in the critical state for the thick 
membranes. The results from FEM were slightly higher than the ones from the energy 
method for the thin membrane cases. An extremely good agreement was found between 
the two methods when comparing the critical strain for all the thicknesses. 
(3) The number of wrinkles from the global energy minimum was plotted for three different 
thicknesses. It might be used to extrapolate the possible energy barriers existence in 
between each integer.  
(4) The critical strain was compared for different thicknesses and different Poisson’s ratio 
too. It was found that the critical strain doesn’t change with Poisson’s ratio. But it 










6 Spiral wrinkling on a stiff thin film coated on a soft substrate 
 
6.1 Problem description 
Skin is the heaviest organ (16% of the body weight) in our body which comprises three layers: a 
thin epidermis (50-100μm) that resides on top of a thick dermis (1-3mm depending on location), 
which rests on top of the hypodermis. It is usually simplified as a thin stiff film resting on a soft 
thick substrate regardless of the hypodermis for the sake of simplicity. Wrinkles appear due to 
the contraction of muscles or outside mechanical deformation.
[74] 
 
Twisting the skin with a finger or pen leads to local spiral wrinkles around the loading region as 
shown in Figure 6-1(a). Inspired by this phenomenon, Wang and his colleagues 
[75]
 proposed a 
facile method to create spiral surface wrinkles by surface torsion via a cylindrical indenter 
illustrated in Figure 6-1(b). The wrinkle shape is depicted in Figure 6-1(c). Through theoretical 
analysis, numerical simulations and experiments, Wang et al investigated the physical 
mechanisms and the characteristics of wrinkling pattern.    
In this part, we study the general wrinkling behavior of a thin stiff film on compliant substrate 
using finite element method. The thin stiff layer is simulated in ABAQUS using a tool called 
“skin” which is a simple but also an effective way to simulate the coating.  The details about 
using this tool and problem settings will be explained in the section 6.2. We are interested in the 
critical condition of the onset of wrinkling, the wrinkling pattern, the effect of each parameter 
and how to effectively control the surface pattern. Also, the spiral wrinkles generated in the 
























Figure 6-1 (a) Spiral wrinkles on the skin of a hand, where a pen is used as an 
indenter to exert the torque on the skin. The inset magnifies the local wrinkling 
region. (b) A hard film lying on a soft substrate is subjected to a torque applied by a 
cylinder. (c) The geometry of the induced spiral wrinkles, with the spiral curves 





6.2 Finite element analysis model 
A three dimensional cylinder model is constructed in ABAQUS. The geometry is partitioned on 
its lateral face for the use of mesh transition. The material may be reinforced by a “skin” which 
is a face bonded to the surface of an existing part and is indicated as the top green layer in Figure 
6-2(a). It is simple and efficient to model a shell layer by using the skin tool. When assigning the 
elements to the skin, the shell elements are created and these elements will share the nodes with 
the three dimensional elements on the bottom as shown in Figure 6-2 (b). The tie constraint is not 








The bottom surface of the cylindrical substrate was fixed in all degrees of freedom. The side face 
was fixed too. A rotational displacement was applied on the top face inside the circle in the 
middle of the film. To ensure all the points inside the circle rotate at the same angle, the 
rotational displacement applied on the face is proportional to the radial coordinate.  Thus the 
ABAQUS user subroutine *DISP has to be used to implement this type of boundary condition. 
The file is appended at the end of the dissertation in APPENDIX B. The film layer was meshed 
with S4R shell elements while the substrate was meshed with C3D8R elements. Total number of 




elements ranges from 50,000 to 230,000 depending on the size of the model. The mesh 










6.3 Critical condition 
When the torque or displacement applied at the center reaches a critical condition, spiral 
wrinkles will form on the thin film around the cylinder.  In all the experiments involving 
instability, it is usually easier to control displacement instead of force or torque, so as in the 
previous chapters, we express the critical condition in terms of the corresponding shear strain at 
the edge r=a if the film is flat.  One may treat it as a normalized critical displacement at r=a. The 
shear strain 𝜀𝑟𝜃  and displacement relation is obtained from FEM. Critical condition can be 
predicted by the eigenvalue analysis following similar procedures explained in section 3.2. Table 
6-1 lists the number of wrinkles calculated from eigenvalue-eigenmode analysis for 10 different 
combinations of material and geometric parameters. The number of wrinkles in the critical mode 
is compared with the experimental results provided in Wang’s work. A good agreement can be 
found in Table 6-1 between the experiment and FEM results. Ef and Es are the Young’s modulus 
of the film and the substrate respectively, a is the inner radius of the film, 𝑡𝑓 is the thickness of 
Figure 6-3 Film-substrate mesh discretization model 
140 
 
the film, 𝑁𝑒𝑥𝑝 and 𝑁𝑓𝑒𝑚  are the number of wrinkles in the experiment and number of wrinkles in 
FEM respectively. The eigenmodes of sample 1 and sample 4 are shown in Figure 6-4. It is 
clearly seen that there are 9 wrinkles in the eigenmode of sample 1 and 16 wrinkles in sample 4. 














Sample 1 32.9 16.8 9 9 
Sample 2 32.9 22.7 11 12 
Sample 3 32.9 27.3 13 13 
Sample 4 32.9 34.5 15 16 
Sample 5 77.7 30.2 13 11 
Sample 6 72.5 32.3 15 12 
Sample 7 109.7 16.8 7 7 
Sample 8 109.7 22.7 8 8 
  Sample 9 109.7 27.3 10 9 




i. Substrate modulus ratio effect 
Figure 6-4 Eigenmodes in the FEM eigenvalue buckling analysis. (a) sample 1. (b) sample 4. 
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The variations of the number of wrinkles in the lowest critical mode ncr and the lowest critical 
strain εcr with respect to the film/substrate modulus ratio Ef/Es are compared in Figure 6-5. The 
geometry parameters are taken as b/a=4 and a/tf=50 here. The figure illustrates that both ncr and 
εcr drop significantly when the modulus ratio Ef/Es is smaller than 1000 while the change is 
moderate beyond this ratio. Similar results were gained in Huang’s work too when they solved 














ii. Substrate thickness effect 
How thick should the substrate be in order to avoid the influence of the substrate thickness or the 
constraint at the bottom? To answer this question, the critical strain is calculated for the different 
substrate film thickness ratio. In Figure 6-6, the critical strain is compared between a hard 
substrate and a soft substrate. The ratio between the inner radius and the film is 100. The radius 
aspect ratio is b/a=4. When the Young’s modulus ratio is 109, the critical strain reaches a 





constant value when the thickness ratio of the substrate and the thin film is beyond 30. If an even 
more compliant substrate is used, the critical strain tends to a constant when the thickness ratio is 
more than 60. The above results are for the case of a/tf=100. From these results for the two 
substrates with three orders of difference in modulus and also from the linear elasticity theory, 












6.4 Comparison with the membrane 
In this section the critical condition for the circular membrane with torsion is compared to the 
thin film on a substrate with a torque. The side boundary (b/a) effect, and thickness/bottom 
boundary effect are compared.  
 
 
Figure 6-6 Substrate thickness effect (a) Young’s modulus ratio between the film and the 






i. Side boundary effect b/a 
The critical strain is compared when the side boundary ratio b/a increases. For the membrane, the 
tensile strain at r=a is fixed at 0.115% for all thicknesses. As the side boundary b/a changes from 
4 to 11, the critical strain for the membrane with thickness a/t=50 remains around 1.1% , 
thickness a/t=100 remains around 0.57% and thickness a/t=400 remains around 0.4%. For the 
film with the substrate case, when the substrate is hard which corresponds to the case Ef/Es=109, 
the critical strain is around 4.2%. When the modulus ratio is 3000, the critical strain is 0.8% . 
When the modulus ratio is 10
5









Like the critical strain, the number of wrinkles in the eigenmode doesn’t change with the radius 
boundary ratio either. When the membrane thickness is a/t=50, the number of wrinkles is 15 
when b/a increases from 4 to 11. When the thickness a/t=100 and 400, the number of wrinkles in 
the first eigenmode is 6 and 4 respectively, which are independent of radius ratio b/a. The thin 
film with the substrate has the similar property, when the substrate is hard Ef/Es=109, the number 
(a) 





of wrinkles is 25 while the result is getting smaller as the substrate is getting softer. When 
Ef/Es=3000 and Ef/Es=10
5
, the number of wrinkles are 11 and 5 respectively. All these results 









ii. Film Thickness effect 
In this section, the effect of thin film thickness is compared with that of the membrane. Figure 
6-9 shows the critical strain changes when the membrane or film thickness changes (a/t changes). 
The radius ratio for both cases is b/a=4.  In Figure 6-9(a), the red curve with circles represents 
the membrane under the 0.21% tensile strain at the inner circle. The critical strain decreases as 
the membrane thickness decreases. When the tensile strain is reduced, the critical strain is 
reduced. For the membrane with high tensile strains, the critical strain decreases drastically with 
the decrease of thickness when the thickness ratio a/t is below 150 and the change is moderate 
after that. For the cases with low tensile strains, the critical strain changes moderately when the 
thickness ratio a/t exceeds 100. 
(b) (a) 
Figure 6-8 Number of wrinkles comparison for the side boundary effect (a) membrane (b) thin 
film with the substrate. 
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It is observed that a similar trend happens to the thin film with the substrate. Similar to the 
tensile stress in the membrane case, the substrate suppresses the occurrence of wrinkles with 
large amplitude. When the substrate is very hard, which is represented as the blue curve with 
squares in Figure 6-9(b), the critical strain tends to have a similar effect as the membrane with 
high tensile strain. When the substrate is very soft, the critical strain in the thin film with the 











The number of wrinkles in the critical mode is also compared in Figure 6-10. When the 
membrane is under a high tensile strain or the substrate under the film is relatively stiff. The 
number of wrinkles shows a similar trend which almost linearly increases with a/tf.  When the 
tensile strain in the membrane is low, the number of wrinkles increases in a stair step trend. A 
similar trend is observed in Figure 6-10 (b). It may be concluded that the membrane with the 
high tensile strain shows similar features as the film with a hard substrate, both of which create 
more wrinkles with smaller amplitude.    
Figure 6-9 Critical strain comparison for the thickness/ bottom boundary effect for (a) membrane 











These results can also be interpreted as the effect of a. For a given system, once it is 
manufactured, Ef, Es, tf, and ts are all fixed.  By changing the radius of the twisting zone, we can 
effectively control the number of wrinkles.  The roughly linear relation indicates the spacing 
between neighboring wrinkles is about the same as a increases.   
 
6.5  Summary 
In this chapter, the wrinkling of a stiff thin film on a soft substrate was studied using finite 
element method. The film was meshed with shell elements while the substrate was meshed with 
continuum element. Using a tool called skin in the property module in ABAQUS, the shell 
elements were attached to the top of the continuum elements without using a tie constraint. The 
torsion was applied at the center of a circular film. Spiral wrinkles were generated around the 
circle. The number of wrinkles calculated with FEM was compared to the experiment. The 
results agreed well which indicate that the simulation was robust enough to characterize the thin 
film wrinkling problem. 
(a) 
Figure 6-10 Number of wrinkles in the critical mode comparison of the bottom boundary 




The number of wrinkles in the critical mode and critical strain were compared with the results of 
the membrane under pre-tension. When comparing the effects of the radius thickness ratio, it was 
found that the results had a similar trend.  The effect of the relatively hard substrate on film was 
similar to that of large pre-tensile stress in the membrane case.  Both of these inhibit the onset of 
wrinkling, once wrinkled, they prefer many wrinkles with smaller amplitude instead of fewer 
wrinkles with larger amplitude.  Both of these can be explained by the large energy penalty 



















7 Conclusion and future work 
 
In this dissertation, the wrinkling on the thin membrane was thoroughly studied through the 
finite element method and a semi analytical approach. A circular membrane with a hole in the 
center was adopted as the model problem. The external edge of the membrane was stretched with 
a tensile displacement while the inner edge was rotated by an angular displacement. The spiral 
wrinkle pattern was generated around the inner edge. The spiral wrinkling on a thin stiff film 
coated on a substrate with similar geometric parameters was studied too.  
In Chapter 3, the wrinkling on the membrane was studied by using the finite element method. 
Two analysis steps to implement the buckling analysis in the commercial finite element software 
ABAQUS were explained. The first one was the eigenvalue buckling analysis. The critical strain 
for the wrinkle onset was calculated in this step and the eigenmode was saved as a node file for 
the later post-buckling analysis usage. The second step was the post-buckling analysis. The 
number of wrinkles, the amplitude of the wrinkles, and the radius of the maximum wrinkle 
amplitude location can be calculated in this step. It was found that the critical strain was 
independent of the initial strain applied before the buckle step. The number of wrinkles in the 
eigenmode was sensitive to the number of elements, the element types and initial tensile strain 
especially for the thin membrane cases. Besides that, it was proved both the eigenmode and post-
buckling behavior depend on the geometry of the membrane structure such as the radius aspect 
ratio b/a, thickness aspect ratio a/t and pre-tensile strain, but do not depend on the Poisson’s ratio.  
Furthermore, the imperfection scale factor used in the post-buckling analysis was tested. The 
small imperfection had no effect on the final results but it could not be too small. The small 
imperfection factor may not induce wrinkle evolution. The stabilizing factor was also tested. The 
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stabilizing factor is needed if a relatively large displacement is applied. But it could not be too 
large, since the large scale factor may induce system distortion. 
In Chapter 4, a simple analytical approach was proposed to study the wrinkling of the thin 
membrane. The external edge of the circular membrane was clamped and an angular 
displacement was applied at the inner edge. The bending energy and the stretching energy of the 
wrinkled membrane were calculated in terms of the strain energy density integration through the 
whole wrinkled region. A shape function was proposed to calculate the nonlinear strain and 
curvature. The strain energy in the non-wrinkled region was also calculated and added to the 
energy in the wrinkled region. For the given number of wrinkles, the total strain energy was 
plotted as a function of amplitude A and the radius of the wrinkled region R0. The A and R0 
value corresponding to the minimum total strain energy were the amplitude and the radius of the 
wrinkled region in the equilibrium state. Then this procedure was repeated for a different number 
of wrinkles n. The n corresponding to the minimum strain energy was the number of wrinkles 
generated under the given strain and structure geometry. An improved shape function, which 
satisfies both the deflection and rotation boundary condition, was proposed and the tensile strain 
due to the tensile displacement was added to the original strain terms. A parametric study was 
performed with the minimization of the modified total strain energy. The overall trend of the 
results is the same as the FEM results.  
In Chapter 5, the results from FEM and semi analytical approach were compared. It was proved 
that the number of wrinkles and the radius of the wrinkled region corresponding to the minimum 
shear strain in the stability analysis were the number of wrinkles in the first eigenmode. The 
corresponding n and R0 of the second minimum were the number of wrinkles and radius of the 
wrinkled region in the third eigenmode and so on. The results can be used to explain the number 
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of wrinkles variation in the eigenmodes. The number of wrinkles and the critical strain calculated 
with two methods agreed to each other pretty well when the tension is added to the exterior edge 
of the membrane. In the post-buckling analysis, the results of the number of wrinkles and the 
radius of the maximum wrinkle amplitude location agreed between the two methods. The 
maximum wrinkle amplitude calculated by FEM was higher than the ones from analytical 
method. If the tension was removed, the finite element results were slightly higher than the 
analytical results when comparing the critical strain. By plotting the minimum energy with 
respect to different n, the number of wrinkles in the equilibrium state was found. The result 
might be used to explain the imperfection sensitivity phenomenon when using FEM. 
In Chapter 6, the wrinkling of a stiff thin film on a soft substrate was studied. The thin film layer 
was meshed with the shell elements while the substrate was meshed with the continuum elements. 
A good agreement was got when comparing he number of wrinkles between FEM and 
experiment. The film/substrate modulus ratio effect on the critical condition was investigated. 
Both the number of wrinkles and the critical strain decrease as the ratio increasing when the ratio 
is below 1000. The result remained a constant when the ratio is over 1000.  Furthermore, the 
critical condition was compared between the thin membrane and the thin film. The number of 
wrinkles and the critical strain didn’t change with the radius aspect ratio when the membrane had 
a fixed tensile strain at the inner circle. The similar effect was observed on the thin film too. 
However, the number of wrinkles in the lowest eigenmode increased linearly as the thickness of 
the membrane or the thin film decreasing when the tensile strain in the membrane was high or 
the substrate under the thin film was stiff. The increasing trend behaves like a stair step if the 
tensile strain in the membrane was low or the substrate was soft. Oppositely, the critical strain 
decreased with the thickness decreasing. The results remained a constant after certain thickness. 
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The future work will include the following aspects: 
(1) Modifying the strain terms to the existing strain to investigate if it will result in an 
increasing in the maximum amplitude. 
(2) A tensile displacement might be added to the film/substrate system on the lateral side. 
Explore the pre-tensile strain effect in this system as well. 
(3) The post-buckling in the film-substrate system still depends on the imperfection scale 
factors in the current work under low strain. If the strain was increased, it evolved to a 
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*Disp User subroutine for applying the rotational displacement at the inner circle on the thin film 
      SUBROUTINE DISP(U,KSTEP,KINC,TIME,NODE,NOEL,JDOF,COORDS) 
C 
      INCLUDE 'ABA_PARAM.INC' 
C 
      DIMENSION U(3),TIME(2),COORDS(3) 
C 
      IF(KSTEP.EQ.1) THEN 
          IF(JDOF==1) THEN 
          U(1)=0 
          ELSE IF(JDOF==2) THEN 
          U(1)=SQRT((COORDS(1))**2+(COORDS(2))**2)*0.00001 
          ELSE IF(JDOF==3) THEN 
          U(1)=0 
          ELSE IF(JDOF==4) THEN 
          U(1)=0 
          ELSE IF(JDOF==5) THEN 
          U(1)=0 
          ELSE IF(JDOF==6) THEN 
          U(1)=0 
          ENDIF 
      ELSE 
          IF(JDOF==1) THEN 
          U(1)=0 
          ELSE IF(JDOF==2) THEN 
          U(1)=SQRT((COORDS(1))**2+(COORDS(2))**2)*0.02 
          ELSE IF(JDOF==3) THEN 
          U(1)=0 
          ELSE IF(JDOF==4) THEN 
          U(1)=0 
          ELSE IF(JDOF==5) THEN 
          U(1)=0 
          ELSE IF(JDOF==6) THEN 
          U(1)=0 
          ENDIF 
      ENDIF 
       
      RETURN 
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